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Abstract: In this paper, a special class of standard cubic congruence of even composite modulus- a power of an odd positive
integer multiple of power of three- is formulated. The established-formula is tested true. First time, a formula is developed
for the solutions of the standard cubic congruence of the said type. Without formulation, it was very difficult to find the
solutions of such cubic congruence. Formulation makes it possible to do so. Here lies the merit of the paper.
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INTRODUCTION

A cubic congruence of prime modulus is a congruence of the type: x3 = a (mod p); p being an odd positive integer. If p is replaced
by a composite integer, then it is called a cubic congruence of composite modulus. It is found that some cubic congruence has
exactly one solution; some other has exactly three solutions and some has no solutions. e.g. The congruence:

x3 =5 (mod 11) has exactly one solution x= 3 (mod 11);
x3 = 6 (mod 7)has exactly three solutions x = 3,5,6 (mod 7); x3 = 2 (mod 7) has no solution.

Author has formulated some standard cubic congruence of composite modulus. Here is the generalization of his previous paper on
standard cubic congruence of composite modulus. It is said that the standard cubic congruence: x3 = a (mod p) is solvable if a is
cubic residue of p [1].

LITERATURE REVIEW

Some discussion is found about the general cubic congruence on internet, also the cubic reciprocity law is discussed. The standard
cubic congruence has not been considered and discussed systematically in the literature of mathematics. Much had been written on
standard quadratic congruence. A detailed study is found in the literature. Not more literature on cubic congruence is found but only
a definition of it [2].

The author already formulated a class of standard cubic congruence of the type
x3 = b3 (mod 3™) with solutions x = 3" 'k + b (mod 3™)for k = 0,1,2, with exactly three solutions [3].

Also, the cubic congruence of the type x3 = a3 (mod 3™. b), for an integer b # 31 with three solutions: x = 3" bk +
a (mod 3".b)for k =0,1,2 [4].

Also the cubic congruence of the type: x3 = a®(mod 3™.b") b # 31 with three solutions
x=3"1b" k+a(mod3".b"); k=0,1,2[5].

One more research paper on standard cubic congruence of even composite modulus of the type:
x3 = a® (mod 2™.3™); m, n > 1, a any positive integer with three solutions given by

x = 3" 12™k + a (mod 2™.3"); k = 0,1, 2 [6].

Here the congruence under consideration is the generalisation of the above papers and also have exactly three solutions.
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NEED OF RESEARCH

Finding the standard cubic congruence a neglected chapter in Number Theory, the author willingly has gone through the chapter
and found much material for the research work. He (the author) tried his best to formulate the generalization of cubic congruence
previously formulated and wish to present his effort in this paper. This is the need of this study.

PROBLEM-STATEMENT
Here, the problem is
“To establish a formulation for the solutions of a class of standard cubic congruence
x3 = a® (mod 2™.3™.b"); b being an odd positive integerb # 31; m,n, r are positive integers.
ANALYSIS & RESULT
Consider the congruence under consideration: x* = a3(mod 2™3™.b"); b # 31, is any odd prime integer.
For its solutions, let x = 2™.3"" L b"k +a; k=0,1,2,3,4,5 ... ... ...
Then, x3 = (2™.3" L b". k + a)?
= (2™.3" 1 b7 k)3 +3.(2™. 3" L.b" k)2 a+ 3.2™.3" L bTk.a® + a3
= q3 4 2™ 3", pT(22M, 32n-3p2r |3 4 m In-2pT L2 g 4 q?)
= a® (mod 2™.3™.b")
Thus, it is a solution of the said congruence.

But for k = 3, it can be seen easily that x = a (mod 2™.3™.b") which gives the same result as for k = 0. Similar results are for
other higher values of k.

Therefore, it is concluded that the said congruence has only three solutions for k = 0, 1, 2.
These solutions are: x = 2™.3" 1. b"k + a (mod 2™.3™.b") withk = 0,1, 2.
Sometimes said congruence can be written as: x3 = ¢ (mod2™.3™.b").
In this case, it can be written as x3 = ¢ + k.2™.3™.b" (mod 2™.3™.b") [7]
= a3 (mod 2™.3™.b"), if c¢+2™.3"b" = dd.
The solutions are given by as before.
ILLUSTRATION
Consider the congruence: x3 = 27 (mod 254016)
It can be written as x3 = 27 (mod 64.81.49).
i.e. x3 = 33 (mod 2°.3%.7%).
It is of the type: x® = a® (mod 2™.3™.b") witha=3,n=4b=7,m=6, r = 2.
Such congruence has three solutions.
The solutions are given by x = 2™.3" 1. b"k + a (mod 2™.3"™.b")
= 26.33.72k + 3 (mod 2°.3*.7%)
= 84672k + 3 (mod 254016) with k = 0,1, 2.
=0+ 3,84672 + 3,169344 + 3 (mod 254016)

= 3,84675,169347 (imod 250164).
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Consider the congruence: x3 = 216 (mod 54000).
i.e. x3 =63 (mod 16.27.125)
It can also be written as: x® = 63 (mod2*.33.53).
It is of the type: x® = a® (mod 2™.3™.b") witha=6,n=4,b=5m =4, r = 3.
Such congruence always has three solutions.
The solutions are given by x = 2™.3"" 1. b"k + a (mod 2™.3".b")
= 2*.32.5%k + 6 (mod 2*.33.5%)
= 18000k + 6 (mod16.27.125) with k = 0,1, 2.
=04 6,18000 + 6,36000 + 6 (mod 54000)
= 6,18006,36006 (mod 54000).

Consider the congruence x3 = 2456 (mod 7560).
It can be written as x3 = 2456 + 2.7560 = 17576 = 263 (mod 23.33.35)
It is of the type x3 = a® (mod 2™.3™.b") witha=26,m=3,n=3,b=35, r=1.
It has three solutions given by x = 2™.3"" L. b"k + a (mod 2™.3™.b"), k =0,1,2.

= 23.32.35 k + 26 (mod 23.33.5)

= 2520k + 26 (mod 7560)

= 26, 2546,5066 (mod 7560).
CONCLUSION
Therefore, it can be concluded that the standard cubic congruence of the type:
x3 = a® (mod 2™.3™.b"); b being any odd integer, has exactly three solutions given by
x=2™3""L bk + a (mod 2™.3™.b") withb + 3Lk = 0,1, 2.
MERIT OF THE PAPER

First time, a cubic congruence of the said type is considered for study and a formula is established to find all the solutions. Such
type of standard cubic congruence is not yet formulated. Formulation is the merit of the paper.
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