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Abstract: In this paper, the author considered a standard cubic congruence of composite modulus for formulation of its 

solutions. The author’s efforts has provided a formulation for solutions of the said congruence. The discovered formulae 

are tested true by solving different examples and by its verifications. Such formulation was not considered by earlier 

mathematicians and no effective method is found to find its solutions. Formulation is the merit of the paper. It is proved 

time-saving, easy and simple. Sometimes the solutions can be obtained orally. This is one more merit of the paper. This 

made the study of cubic congruence interested. 
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INTRODUCTION 

                 A standard cubic congruence of composite modulus is a congruence of the type: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑚); 𝑚 being a composite 

positive integer. Its solutions are the values of 𝑥 that satisfies the congruence. Some standard cubic congruence has unique solutions; 

some has three solutions; some has four solutions and some has 𝑝 𝑜𝑟 𝑝2 solutions; p being a positive prime integer. Also, some of 

the congruence have infinite number of solutions. 

.LITERATURE REVIEW 

The author has gone through many books of Number Theory but failed to find any discussion on it. Earlier mathematicians showed 

a very little interest to study the congruence. Hence no formulation or any discussion is found. The author intentionally started his 

research on standard cubic congruence and successfully discovered formulations of standard cubic congruence of prime and 

composite modulus [1], [2], [3], [4], [5]. 

Now he wishes to consider one special type of standard cubic congruence of composite modulus for formulation. 

NEED OF RESEARCH 

                               Finding no discussion and any formulation for the said congruence in the literature of mathematics, the author 

showed his eagerness to make it an interested topic of study and tried his best to formulate the congruence. His efforts of 

establishment of the formulation are presented in this paper. This is the need of the research. 

 

PROBLEM- STATEMENT 

             Here the problem is- 

“To formulate two standard cubic congruence of composite modulus of the types 

                           (𝟏)  𝒙𝟑 ≡ 𝒂𝟑 (𝒎𝒐𝒅 𝒂𝒎); 𝒎 ≥ 𝟒 ;   

                           (2)    𝒙𝟑 ≡ 𝒂𝟑 (𝒎𝒐𝒅 𝒂𝒎); 𝒎 ≤ 𝟑 ". 

ANALYSIS & RESULTS 

    Case-I:  

For the congruence:  𝒙𝟑 ≡ 𝒂𝟑 (𝒎𝒐𝒅 𝒂𝒎); 𝒎 ≥ 𝟒. 

                                     If 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 𝑎𝑚), then 

                                       𝑥3 ≡ (𝑎𝑚−2𝑘 + 𝑎)3 

                                            ≡ (𝑎𝑚−2𝑘 )3 + 3. (𝑎𝑚−2𝑘)2. 𝑎 + 3. 𝑎𝑚−2𝑘. 𝑎2 + 𝑎3  (𝑚𝑜𝑑 𝑎𝑚)   

                                              ≡  𝑎𝑚−2𝑘{ (𝑎𝑚−2𝑘)2 + 3𝑎. 𝑎𝑚−2𝑘 + 3𝑎2} + 𝑎3  (𝑚𝑜𝑑 𝑎𝑚) 

                                              ≡  𝑎𝑚−2𝑘{ 𝑎2𝑡} +  𝑎3  (𝑚𝑜𝑑 𝑎𝑚),        
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                                              ≡ 𝑎𝑚𝑘𝑡 + 𝑎3 (𝑚𝑜𝑑 𝑎𝑚) 

                                             ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚). 

Thus, it can be said that 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎  (𝑚𝑜𝑑 𝑎𝑚) is a solution of it for some 

 𝑘 = 0, 1, 2, … … . 𝑎2 − 1, 𝑎2, 𝑎2 + 1, … … ….. 

It can also be seen that if 𝑘 = 𝑎2, 𝑎2 + 1, … …., 𝑥 ≡ 𝑎𝑚−2. 𝑎2 + 𝑎 = 𝑎𝑚 + 𝑎 ≡ 𝑎 (𝑚𝑜𝑑 𝑎𝑚) 

It is the same solution as for 𝑘 = 0,1, … … … … , 𝑎2 − 1. 

Thus, the said congruence has 𝑎2  incongruent solutions. 

Case-II 

For the congruence 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚); 𝑚 ≤ 3;  𝑎 𝑎𝑛𝑦 𝐼𝑛𝑡𝑒𝑔𝑒𝑟. 

It is equivalent to 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎𝑚); 𝑚 ≤ 3. 

For its solutions, let us consider 𝑥 = 𝑎𝑡, 𝑓𝑜𝑟 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡. 

 Then,  𝑥3 = (𝑎𝑡)3 = 𝑎3. 𝑡3 ≡ 0 (𝑚𝑜𝑑 𝑎3). 

Thus, it can be seen that 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎3) or 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎2) or 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎). 

So, 𝑥 ≡ 𝑎𝑡 (𝑚𝑜𝑑 𝑎𝑚) 𝑤𝑖𝑡ℎ 𝑚 = 1, 2, 3 are the solutions of the said congruence. It is also seen that the above congruence have the 

same solutions 𝑥 = 𝑎𝑡 for 𝑚 = 1,2,3; 𝑡 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 

 𝑖𝑛𝑡𝑒𝑔𝑒𝑟.  

ILLUSTRATIONS OF CASE-I 

              Consider the congruence 𝑥3 ≡ 23 (𝑚𝑜𝑑 25) 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚) 𝑤𝑖𝑡ℎ 𝑎 = 2, 𝑚 = 5. It has 22 = 4 solutions. 

These solutions are given by 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 𝑎𝑚) 

                                                   ≡ 25−2𝑘 + 2 (𝑚𝑜𝑑 25) 

                                                  ≡ 23𝑘 + 2 (𝑚𝑜𝑑 25) 

                                               ≡ 8𝑘 + 2 (𝑚𝑜𝑑 32) 

                                              ≡ 2, 10,18, 26 (𝑚𝑜𝑑 32). 

These solutions are also verified true. 

Consider one more example 𝑥3 ≡ 43 (𝑚𝑜𝑑 44). 

 It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚) 𝑤𝑖𝑡ℎ 𝑎 = 4, 𝑚 = 4. It has 42 = 16 solutions. 

These solutions are given by 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 𝑎𝑚) 

                                                   ≡ 44−2𝑘 + 4 (𝑚𝑜𝑑 44) 

                                                  ≡ 42𝑘 + 4 (𝑚𝑜𝑑 44) 

                                               ≡ 16𝑘 + 4 (𝑚𝑜𝑑 256) 

                                              ≡ 4, 20, 36, 52, 68, 84, 100, 116, 132, 148, 164, 180, 

                                                  196, 212; 228,244 (𝑚𝑜𝑑 256). 

These solutions are also verified true. 

Consider one more congruence 𝑥3 ≡ 53 (𝑚𝑜𝑑 56). 

 It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚) 𝑤𝑖𝑡ℎ 𝑎 = 5, 𝑚 = 6. It has 52 = 25 solutions. 

These solutions are given by 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 𝑎𝑚) 

http://www.ijrti.org/


           © 2019 IJRTI | Volume 4, Issue 6 | ISSN: 2456-3315 

IJRTI1906017 International Journal for Research Trends and Innovation (www.ijrti.org) 117 

 

                                                   ≡ 456−2𝑘 + 5 (𝑚𝑜𝑑 56) 

                                                  ≡ 54𝑘 + 5 (𝑚𝑜𝑑 56) 

                                               ≡ 625𝑘 + 5 (𝑚𝑜𝑑 15625) 

                                              ≡ 5, 630, 1255, 1880, 2505,3130, 3755, 4380, 5005, 

                                                 5630, 6255, 6880, 7505, 8130, 8755, 9380, 10005, 

                                                10630, 11255, 11880, 12505, 13130, 13755, 14380, 

                                                 15005 (𝑚𝑜𝑑 15625). 

These solutions are also verified true. 

ILLUSTRATIONS OF CASE-II   

Consider the congruence 𝑥3 ≡ 43 (𝑚𝑜𝑑 43). It is equivalent to 𝑥3 ≡ 0 (𝑚𝑜𝑑 43). 

It is of the type 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎3) 𝑤𝑖𝑡ℎ 𝑎 = 4. 

 Its solutions are given by 𝑥 ≡ 𝑎𝑡 = 4𝑡 (𝑚𝑜𝑑 43), for a positive integer t. 

Therefore, the required solutions are 𝑥 ≡ 4, 8, 12, 16, … … . (𝑚𝑜𝑑 64). 

If one consider the congruence 𝑥3 ≡ 43 (𝑚𝑜𝑑 42). It is equivalent to 𝑥3 ≡ 0 (𝑚𝑜𝑑 42). 

It is of the type 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎2). Its solutions are given by 𝑥 ≡ 𝑎𝑡 = 4𝑡 (𝑚𝑜𝑑 42), for a positive integer t. 

Therefore, the required solutions are 𝑥 ≡ 4, 8, 12, 16, … … . (𝑚𝑜𝑑 16). 

CONCLUSION 

                  Thus it can be concluded that the said congruence 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 𝑎𝑚); 𝑚 ≥ 4, a positive integer has 𝑎2incongruent 

solutions given by 

 𝑥 ≡ 𝑎𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 𝑎𝑚); 𝑘 = 0, 1, 2, … … , 𝑎2 − 1. 

But the congruence 𝑥3 ≡ 0 (𝑚𝑜𝑑 𝑎𝑚); 𝑚 ≤ 3 has 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠  

𝑥 ≡ 𝑎𝑡 (𝑚𝑜𝑑 𝑎𝑚) 𝑤𝑖𝑡ℎ 𝑚 = 1, 2, 3 ; 𝑡 𝑎𝑛𝑦 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟.  

REFERENCES 

[1] Roy B M, 2019, Formulation of Two Special Classes of Standard Cubic Congruence of Composite Modulus- a Power of Three, 

International Journal of Scientific Research and Engineering Development (IJSRED), ISSN: 2581-7175, Vol-02, Issue-03, May-

June 2019, Page-288-291. 

[2] Roy B M, 2019, Formulation of a class of solvable standard cubic congruence of even composite modulus, International Journal 

of Advanced Research, Ideas & Innovations in Technology (IJARIIT), ISSN: 2454-132X, Vol-05, Issue-01, Jan-Feb 2019. 

[3] Roy B M, 2019, Formulation of a class of standard cubic congruence of even composite modulus-a power of an odd positive 

integer multiple of a power of three, International Journal of Research Trends and Innovations (IJRTI), ISSN: 2456-3315, Vol-04, 

issue-03, March-2019. 

[4] Roy B M, 2019, Formulation of Solutions of a Special Standard Cubic Congruence of Prime-power Modulus, International 

Journal of Science & Engineering Development Research (IJSDR), ISSN: 2455-2631, Vol-04, Issue-05, May-19. 

[5] Roy B M,2019, Formulation of Solutions of a Special Standard Cubic Congruence of Composite Modulus--an Integer Multiple 

of Power of Prime,  International Journal of Advanced Research, Ideas & Innovations in Technology (IJARIIT), ISSN: 2454-132X, 

Vol-05, Issue-03, May-Jun-19 . 

  

 

                                         

               

                        

http://www.ijrti.org/

