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Abstract: In this paper, a congruence of higher degree of prime modulus is considered for its solutions. A technique is 

developed and proved true, solving different examples. It is seen that the reduced residues are the solutions of the congruence 

under consideration. Finding the reduced residues of a prime, using Euler’s Criterion, is not a time-saving method. A new 

method is in an urgent need. 
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INTRODUCTION 

In this paper, the author, wishes to find the solutions of a special type of standard congruence of higher degree of prime modulus. 

They are having solutions related to p only. Some has solutions as quadratic residues of p and some has non-quadratic residues of 

p [1]. Quadratic residues are the positive integers such that if 𝑎 is a residues (least remainder when the integer is divided by prime 

p) of P, then 𝑎2 ≡ 𝑏 (𝑚𝑜𝑑 𝑝) is a quadratic residues of p [3]. 

PROBLEM-STATEMENT 

The problem is- 

“To find the solutions of the congruence of higher degree of the types: 

𝑥
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝); 𝑤ℎ𝑒𝑟𝑒 p an odd positive prime, and (a, p)=1”. 

 𝐋𝐈𝐓𝐄𝐑𝐀𝐓𝐔𝐑𝐄 𝐑𝐄𝐕𝐈𝐄𝐖 

A very little literature is found for the congruence of higher degree of prime and composite modulus except the author’s research 

papers published in different international journals [5], [6], ……, [10]. 

In the book of Number Theory, Euler’s criterion is given for finding reduced residues of a prime p [2], [3]. It is not practicable. It 

takes a long time and not easy. No direct formulation is found in the literature of mathematics. 

NEED OF RESEARCH 

In continuation of author’s research, he found one more congruence to discuss for its solutions. This congruence also creates 

difficulty to the readers. A lot of labour is required to find the solutions of the said congruence. To lessen the labour of the 

readers, the author takes the opportunity to search an easy way to find the solutions of the congruence under consideration. This 

is the need of the research. 

ANALYSIS & RESULT 

Consider the congruence 𝑥
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝); (𝑎, 𝑝) = 1; 𝑝 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑝𝑟𝑖𝑚𝑒. 

Let 𝑥 ≡ 𝑢 (𝑚𝑜𝑑 𝑝)𝑏𝑒 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

Then, 𝑢
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝)  

 𝑖. 𝑒.  𝑢𝑝−1 ≡ 𝑎2 (𝑚𝑜𝑑 𝑝) 𝑖. 𝑒.  𝒂𝟐 ≡ 𝟏 (𝒎𝒐𝒅 𝒑), by Fermat’s Little Theorem. 

   𝒊. 𝒆.  𝒂 ≡ ±𝟏 (𝒎𝒐𝒅 𝒑). 

So, 𝒂𝟐 ≡ 𝟏 (𝒎𝒐𝒅 𝒑) can be considered as a solvability condition of the said congruence.  
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And, 𝒂 ≡ ±𝟏 (𝒎𝒐𝒅 𝒑) shows that there are two solvable congruence which are 

  𝑥
𝑝−1

2 ≡ 1 (𝑚𝑜𝑑 𝑝)  &   𝑥
𝑝−1

2 ≡ −1(𝑚𝑜𝑑 𝑝) 𝑖. 𝑒.  𝑥
𝑝−1

2 ≡ 𝑝 − 1(𝑚𝑜𝑑 𝑝)  .  

Therefore, the other congruence 𝑥
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝) 𝑤𝑖𝑡ℎ 𝑎 = 2, 3, 4, … … … . , (𝑝 − 2) 

are not solvable. 

Consider the congruence 𝑥
𝑝−1

2 ≡ 1 (𝑚𝑜𝑑 𝑝). 

Let r be a reduced residue of p, then (r, p) =1. 

So, 𝑟
𝑝−1

2 ≡ a (mod p) 𝑖. 𝑒.  𝑟𝑝−1 ≡ 𝑎2 (𝑚𝑜𝑑 𝑝) 

But by Fermat’s Little Theorem, 

   𝑟𝑝−1 ≡ 1 (𝑚𝑜𝑑 𝑝)  𝑖. 𝑒. (𝑟2)𝑝−1/2 ≡ 1 (𝑚𝑜𝑑 𝑝).  

Thus, 𝑟2 is a solutions of the said congruence but r is a residue of p. 

Therefore, 𝑟2 𝑖𝑠 𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓 𝑝.  

Hence, every quadratic residue is a solution of the congruence. 

Consider the congruence 𝑥
𝑝−1

2 ≡ −1 (𝑚𝑜𝑑 𝑝). 

Then, quadratic residues are not the solutions of the congruence. Therefore, quadratic non-residues are the solutions. Its solutions 

are the quadratic non-residues of p [4]. 

ILLUSTRATIONS 

Consider the congruence 𝑥5 ≡ 1 (𝑚𝑜𝑑 11). Here p =11, an odd prime positive integer. 

It can be written as 𝑥
11−1

2 ≡ 1 (𝑚𝑜𝑑 11); ℎ𝑒𝑛𝑐𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑦𝑝𝑒 𝑥
𝑝−1

2 ≡ 1 (𝑚𝑜𝑑 𝑝). 

It is always solvable and solutions are the quadratic residues of p. 

The reduced residues of 11 are: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 

Then the required quadratic residues are: 1, 4, 9, 5, 3, 5, 9, 4, 1 𝑖. 𝑒.  1, 3, 4, 5, 9 (𝑚𝑜𝑑 11).  

The required solutions are 𝑥 ≡ 1, 3, 4, 5, 9 (𝑚𝑜𝑑 11). 

Consider the congruence 𝑥5 ≡ 10 (𝑚𝑜𝑑 11). 

It can be written as 𝑥
11−1

2 ≡ −1 (𝑚𝑜𝑑 11)𝑎𝑛𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑦𝑝𝑒 𝑥
𝑝−1

2 ≡ −1 (𝑚𝑜𝑑 𝑝). 

Its solutions are the quadratic non-residues of p = 11. 

As the quadratic residues are 1, 3, 4, 5, 9 (mod 11) hence the non-residues are 2, 6, 7, 8, 10. 

The solutions of the congruence are 𝑥 ≡ 2, 6, 7, 8, 10 (𝑚𝑜𝑑 11). 

Consider the congruence 𝑥6 ≡ 10 (𝑚𝑜𝑑 13). 

It can be written as   𝑥
13−1

2 ≡ 10 (𝑚𝑜𝑑 13). 

It is of the type   𝑥
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝). As 𝑎 ≠ ±1, hence it is not solvable. 

So, the congruence has no solution. 
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CONCLUSION 

The congruence 𝑥
𝑝−1

2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝) is only solvable if 𝑎2  ≡ 1 (𝑚𝑜𝑑 𝑃)  

𝑖. 𝑒. 𝑎 ≡ ±1 (𝑚𝑜𝑑 𝑝).  

For 𝑎 = 1, the solutions of the congruence:  𝑥
𝑝−1

2 ≡ 1 (𝑚𝑜𝑑 𝑝) are the quadratic residues of P while for 𝑎 = −1, the solutions of 

𝑥
𝑝−1

2 ≡ −1 (𝑚𝑜𝑑 𝑝) are the quadratic non-residues of p. 

MERIT OF THE PAPER 

In this paper, it is found that there two congruence of higher degree under consideration are solvable. The solvability condition is 

obtained. This is the merit of the paper.  
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