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ABSTRACT: A class of ∗ -bisimple ample 𝝎 -semigroups whose certain 𝓗∗ -classes contain no regular elements was 

considered in [3], this class of ∗-bisimple ample 𝝎-Semigroups are seen to be generalized. The characterization of this class 

of semigroups rather involves the use of bisystems with certain structure mappings and a binary multiplication together 

with some closure axioms. The characterization of this class of semigroups were given in [4]. This paper is a follow up of [3] 

and [4] which presents a generalized theorem for a semigroup in this class. Moreover, a typical example of a semigroup in 

this class of ∗-bisimple ample 𝝎-semigroups is constructed to offer an insight into this class of semigroups.  
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Throughout this paper 𝑆 denotes a semigroup (except stated otherwise), terminologies are curled from [2] and [3]. 

I Preliminaries 

The following are well known results.  

Definition 1.1 

Let 𝑎, 𝑏 ∈ 𝑆, then Green’s ∗-relations are defined as follows: 

 ℒ∗ = {(𝑎, 𝑏) ∈ 𝑆 × 𝑆: ∀ 𝑥, 𝑦 ∈ 𝑆1 𝑎𝑥 = 𝑎𝑦 ⟺ 𝑏𝑥 = 𝑏𝑦} 

 ℛ∗ = {(𝑎, 𝑏) ∈ 𝑆 × 𝑆: ∀ 𝑥, 𝑦 ∈ 𝑆1 𝑥𝑎 = 𝑦𝑎 ⟺ 𝑥𝑏 = 𝑦𝑏} 

 ℋ∗ = {(𝑎, 𝑏) ∈ 𝑆 × 𝑆: (𝑎, 𝑏) ∈ ℒ∗ ∩ ℛ∗} 

 𝒟∗ = {∃ 𝑐 ∈ 𝑆: (𝑎, 𝑐) ∈ ℒ∗: (𝑐, 𝑏) ∈ ℛ∗ 𝑜𝑟 𝑎ℒ∗𝑐ℛ∗𝑏} =  ℒ∗ ∨ ℛ∗ 

 

Definition 1.6 

Let 𝑆 be a semigroup, and let 𝑎, 𝑏 ∈ 𝑆, the relation 𝒟̃ on 𝑆 is defined by: 

𝑎𝒟̃𝑏 ⟺ 𝑎∗𝒟𝑏∗, 𝑎+𝒟𝑏+. 

 

Lemma 1.7 [4] 

On 𝑆, the relation 𝒟̃ satisfies the inclusion 𝒟(𝑆) ⊆  𝒟̃(𝑆) ⊆ 𝒟∗(𝑆). 

Proof 

Observe that if (𝑎∗, 𝑏∗) ∈ 𝒟̃(𝑆), (𝑎+, 𝑏+) ∈ 𝒟̃(𝑆)  ⇒ (𝑎, 𝑏) ∈  𝒟∗(𝑆)  ⇒  𝒟̃(𝑆) ⊆ 𝒟∗(𝑆). 

We now show that 𝒟(𝑆) ⊆  𝒟̃(𝑆). 

Observe that if (𝑎, 𝑏) ∈ 𝒟(𝑆), then there exists 𝑐 ∈ 𝑆, such that 𝑎ℛ𝑐ℒ𝑏 with 𝑎∗ ∈  ℒ𝑎
∗  and 𝑏∗ ∈  ℛ𝑎

∗  and so  

(𝑐, 𝑎∗ ) ∈  ℒ. Now because (𝑐, 𝑏) ∈  ℛ then there exists 𝑥, 𝑦 ∈  𝑆1 such that 𝑐𝑥 = 𝑏, 𝑏𝑦 = 𝑐 thus 𝑐𝑥𝑦 = 𝑐 and since  

𝑐∗ =  𝑎∗ it follows that 𝑎∗𝑥𝑦 =  𝑎∗ so that (𝑎∗𝑥, 𝑎∗)  ∈  ℛ showing the regularity of 𝑎∗𝑥. But (𝑐, 𝑎∗ ) ∈  ℒ∗ and  

(𝑏, 𝑏∗ ) ∈  ℒ∗ and so, for any 𝑠, 𝑡 ∈  𝑆1, 𝑎∗𝑥𝑠 =  𝑎∗𝑥𝑡 ⟺  𝑐𝑥𝑠 = 𝑐𝑥𝑡 and 𝑏𝑠 = 𝑏𝑡 ⟺  𝑏∗𝑠 =  𝑏∗𝑡 and then (𝑎∗𝑥, 𝑏∗) ∈  ℒ and 

therefore 𝑎∗ℛ𝑎∗𝑥ℒ𝑏∗  ⇒ (𝑎∗, 𝑏∗) ∈  𝒟(𝑆). Similarly, (𝑎+, 𝑏+) ∈ 𝒟̃(𝑆). □ 

 

Lemma 1.8 [4] 

On 𝑆, the following are equivalent; 

i. 𝒟̃(𝑆) = 𝒟∗(𝑆) 

ii. Every non-empty ℋ∗-class of 𝑆 contains some regular element. 

Proof 

Suppose i holds, then from lemmas 1.3 and 2.1 above (𝑎∗, 𝑏∗) ∈ 𝒟̃(𝑆)  ⇒  (𝑎∗, 𝑎∗𝑥) ∈  ℛ, (𝑎∗𝑥, 𝑏∗) ∈ ℒ. For  

simplicity let 𝑒 = 𝑎∗, 𝑓 = 𝑏∗ and 𝑣 = 𝑎∗𝑥. Thus, by lemma 1.4, (𝑒, 𝑣) ∈  ℛ ⇒  𝑒𝑣 = 𝑣. Similarly,  

 (𝑣, 𝑓) ∈ ℒ ⇒ 𝑣𝑓 = 𝑣. Again, (𝑒, 𝑣) ∈  ℛ ⇒  ∃ 𝑠, 𝑡 ∈  𝑆1 such that 𝑣𝑠 = 𝑒  and 𝑡𝑒 = 𝑣. Now let 𝑣′ = 𝑓𝑠𝑒, so that  

𝑣𝑣′𝑣 =  𝑣(𝑓𝑠𝑒)𝑣 = (𝑣𝑓)𝑠(𝑒𝑣) = 𝑣𝑠𝑣 = 𝑒𝑣 = 𝑣 and so 𝑣′ ∈ 𝑉(𝑣), where,  

𝑉(𝑣) = {𝑣 ∈ 𝑆: 𝑣𝑣′𝑣 = 𝑣 and 𝑣′𝑣𝑣′ = 𝑣′}. Also, 𝑣𝑣′ = 𝑣(𝑓𝑠𝑒) = (𝑣𝑓)𝑠𝑒 = 𝑣𝑠𝑒 =  𝑒𝑒 = 𝑒. But also, since  

(𝑣, 𝑓) ∈ ℒ then there exists  𝑡 ∈  𝑆1 such that  𝑡𝑣 = 𝑓, thus, 𝑣′𝑣 = (𝑓𝑠𝑒)𝑣 = 𝑓𝑠𝑒𝑣 = 𝑓𝑠𝑣 = 𝑡𝑣𝑠𝑣 = 𝑡𝑒𝑣 

 = 𝑡𝑣 = 𝑓. It now follows easily that 𝑣′  ∈  ℒ𝑒 ∩ ℛ𝑓 =  ℒ𝑢 ∩ ℛ𝑢 =  ℋ𝑢 for some 𝑢 ∈  ℋ𝑣′.  

But ℋ ⊆  ℋ∗.  

ii ⇒ i is straight forward since there exists an inverse 𝑣′ of 𝑣 in ℒ𝑒 ∩ ℛ𝑓 such that 𝑒 = 𝑣𝑣′, 𝑓 =  𝑣′𝑣 and so  

 (𝑒, 𝑣)  ∈  ℛ and (𝑣, 𝑓)  ∈  ℒ ⇒  (𝑒, 𝑓)  ∈  𝒟 ⇒ (𝑎∗, 𝑏∗) ∈  𝒟 ⊆   𝒟̃(𝑆) = 𝒟∗(𝑆)                        □ 

The following are results from [3] 

 

Consider the set of triples by: 

http://www.ijrti.org/


                                  © 2023 IJRTI | Volume 8, Issue 8 | ISSN: 2456-3315 

IJRTI2308100 International Journal for Research Trends and Innovation (www.ijrti.org) 617 

 

 𝑆(𝑩, 𝑑, 𝜃, 𝜑) = {(𝑚, 𝑥, 𝑛): 𝑚, 𝑛 ∈ 𝑁, 𝑥 ∈  𝐵𝑚̅,𝑛̅}, for simplicity, let 𝑆(𝑩, 𝑑, 𝜃, 𝜑) = 𝑆 

Suppose that (𝑚, 𝑥, 𝑛), (𝑝, 𝑦, 𝑞) ∈  𝑆(𝑩, 𝑑, 𝜃, 𝜑), define the multiplication on 𝑆(𝑩, 𝑑, 𝜃, 𝜑) by: 

 
(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞) = (𝑚 − 𝑛 + 𝑡, 𝑥𝜃𝑡′−𝑛𝑑𝑦𝜑𝑡′−𝑝𝑑, 𝑞 − 𝑝 + 𝑡)                                                        [1.1] 

where 𝑡 = max(𝑛, 𝑝) , 𝑡′ = max(𝑛𝑑 , 𝑝𝑑). 

Theorem 1.9 [3] 

𝑆 = 𝑆(𝑩, 𝑑, 𝜃, 𝜑) as defined in [1.1] is a semigroup. [(see 3] 

Lemma 1.10 [3] 

Let 𝑆 be as defined in [1.1], then idempotents of 𝑆 are of the form (𝑚, 𝑒𝑚, 𝑚), 𝑚, 𝑛 ∈ 𝑁, 𝑒𝑚 ∈  𝐵𝑚̅,𝑛̅. 

Lemma 1.11 [3] 

Let 𝑆 be as defined in [1.1] and let 𝑎 = (𝑚, 𝑥, 𝑛)  ∈ 𝑆, and let 𝑥 ∈  𝑀𝑚, where 𝑥 is a unit, then the inverse of 𝑎, is of the form  

 𝑎−1 = (𝑛, 𝑦, 𝑚), where 𝑦 =  𝑥−1 and 𝑚 = 𝑛(mod𝑑).                                                                 

Lemma 1.12 [3] 

Let 𝑎 = (𝑚, 𝑥, 𝑛), 𝑓𝑛 = (𝑛, 𝑒𝑛̅, 𝑛), 𝑓𝑚 = (𝑚, 𝑒𝑚̅, 𝑚)  ∈ 𝑆. Then for all 𝑢 = (ℎ, 𝑦, 𝑘), 𝑣 = (𝑓, 𝑧, 𝑔) ∈  𝑆, then: 

i. 𝑎ℒ∗𝑓𝑛    and  

ii. 𝑎ℛ∗𝑓𝑚                                                                                              

Lemma 1.13[4] 

Let 𝑎 = (𝑚, 𝑥, 𝑛), 𝑏 = (𝑝, 𝑦, 𝑞) 

i. 𝑎ℒ∗𝑏 ⟺ 𝑛 = 𝑞     and dually  

ii. 𝑎ℛ∗𝑏 ⟺ 𝑚 = 𝑝                                                                                                 

Following lemmas 1.12 and 1.13 we have 

Lemma 1.14[4] 

Let 𝑆 be as defined in [1.1], then 𝑆 is abundant. 

Lemma 1.15[4] 

 𝑆 as defined in [1.1] is adequate                                                                                     

Theorem 1.16[4] 

𝑆 = 𝑆(𝑩, 𝑑, 𝜃, 𝜑) is an ample 𝜔 - semigroup.                                                                 

Theorem 1.17[4] 

𝑆 is a ∗- bisimple ample 𝜔-semigroup                                                                                  

Lemma 1.18 [2] 

𝑆 is ∗- simple if and only if ℛ0
∗ =  ℋ0,0

∗  

Theorem 1.19[2] 

Let 𝑆 be an ample 𝜔-semigroup in which 𝒟∗ = 𝒟̃. Then the set 𝒬𝑠 of regular elements in 𝑆 is an inverse 𝜔-semigroup with 𝜔-

chain of idempotents 𝐸(𝑆) ⊆  𝒬𝑠. Moreover, 𝒬𝑠 is simple or bisimple according as 𝑆 is ∗- simple or ∗- bisimple. 

Lemma 1.20[2] 

The following conditions are equivalent in 𝑆. 

i) (𝑒𝑚, 𝑒𝑛)  ∈  𝒟∗ 

ii) ℋ𝑚,𝑛  ≠  ∅ 

iii) ℋ𝑚,𝑛 𝑚 ≡ 𝑛(mod𝑑) 

Lemma 1.20[2] 

Every element of 𝑆 is uniquely expressible in form: 

 𝑎−𝑘𝑥𝑖𝑎ℎ, 𝑘, ℎ ∈ 𝑁, 0 ≤ 𝑖 ≤ 𝑑 − 1, 𝑥𝑖  ∈  ℋ𝑖,𝑖
∗ . 

 

Following [1] and [2], we have the following; 

Let ℛ𝑚
∗ (ℒ𝑛

∗ ) be the ℛ∗(ℒ∗) classes containing the idempotents 𝑒𝑚(𝑒𝑛), define; 

 ℒ𝑛
∗ = {𝑎 ∈ 𝑆: 𝑎ℒ∗𝑒𝑛} 

 ℛ𝑚
∗ = {𝑎 ∈ 𝑆: 𝑒𝑚ℛ∗𝑎}. 

We then see that; 

 ℒ𝑛 = ℒ𝑛
∗ ∩ 𝒬𝑠 

 ℛ𝑚 =  ℛ𝑚
∗ ∩  𝒬𝑠, thus, we have that  

 ℋ𝑚,𝑛 = ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠.  

Where ℒ𝑛, ℛ𝑚 and ℋ𝑚,𝑛 are the corresponding classes in Green’s equivalences. It follows that 

𝒟(𝒬𝑠) ⊆  𝒟∗𝑆)  ∩ (𝒬𝑠 × 𝒬𝑠). 

 

If 𝑆 is a ∗- bisimple ample ω-semigroup such that 𝒟∗ = 𝒟̃, then lemma 1.8 above, shows that each ℋ∗-class contains regular 

elements. Consequently; 

ℋ𝑚,𝑛  ≠  ∅ for all 𝑚, 𝑛 ∈ 𝑁 and 𝑒𝑛, 𝑒𝑚  ∈ 𝐸(𝑆).  

 

 Clealy ℋ𝑚,𝑛
∗ = {𝑎 ∈ 𝑆: 𝑎ℒ∗𝑒𝑛, 𝑎ℛ∗𝑒𝑚} = ℒ𝑛

∗ ∩  ℛ𝑚
∗  

Now observe from these that: 

 𝑒𝑚ℛ∗𝑎ℒ∗𝑒𝑛 and so (𝑒𝑚, 𝑒𝑛)  ∈  𝐷∗  
But (𝑒𝑚, 𝑒𝑛)  ∈  𝐷∗ ⟹  (𝑒𝑚, 𝑒𝑛)  ∈  𝐷̃ 
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Thus ℋ𝑚,𝑛
∗  ≠  ∅, then clearly ℋ𝑚,𝑛

∗  is an ℋ∗ − class of 𝑆. 

 

Theorem 1.19[2] 

Let 𝑇 be a cancellative monoid and 𝜃 an endomorphism of 𝑇. Then the generalized Bruck- Reilly extension 𝐵𝑅∗(𝑇, 𝜃) is a ∗- 

bisimple ample 𝜔-semigroup with 𝒟∗ = 𝒟̃. Conversely, every ∗- bisimple ample 𝜔-semigroup with 𝒟∗ = 𝒟̃ is isomorphic to one 

of this type. 

2.0 Semigroups in the class of generalized ∗- bisimple inverse 𝝎-semigroups. 

In a ∗- bisimple inverse 𝜔-semigroup in which 𝒟∗(𝑆) ≠ 𝒟̃(𝑆), its regular subsemigroup 𝒬𝑠 is not a ∗- bisimple inverse 𝜔-

semigroup, since by lemma 1.18 there exists an ℋ∗-class of 𝑆 with no regular elements. If ℋ𝑚,𝑛
∗  is such ℋ∗-class, then  

ℋ𝑚,𝑛 = ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠 =  ∅, consequently, (𝑒𝑚, 𝑒𝑛)  ∉ 𝒟(𝒬𝑠).  

But Munn [9] has shown that in a simple inverse 𝜔-semigroup, ℋ𝑚,𝑛 ≠ ∅ if and only if 𝑚 ≡ 𝑛(mod𝑑) and consequently, 

ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠  ≠  ∅ if and only if 𝑚 ≡ 𝑛(mod𝑑). That is ℋ𝑚,𝑛

∗ ∩ 𝒬𝑠  ≠  ∅ if and only if 𝒬𝑠 is a simple inverse 𝜔-semigroup. 

Thus, by implication from lemma 2.6 [9] we see that 𝒬𝑠 is; 

a. a chain of groups, or 

b. a simple inverse 𝜔-semigroup with 𝑑- 𝒟-classes, or 

c. an extension of a simple inverse 𝜔-semigroup by a proper kernel. 

We now examine the different classes of ∗- bisimple ample 𝜔-semigroup in which the regular subsemigroup 𝒬𝑠 corresponds to 

each of the three cases above. 

Let 𝑆 be ∗- bisimple ample 𝜔-semigroup in which 𝒬𝑠 is not bisimple. 

a) 𝑆 with 𝒬𝑠 a chain of groups is briefly described in the following lemma.  

Lemma 2.1 

Let 𝑆 be ∗- bisimple ample 𝜔-semigroup such that ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠  ≠  ∅ if and only if  𝑚 = 𝑛. Then 𝒬𝑠 is an 𝜔- chain of groups. 

Proof: 

If 𝒬𝑠 is not bisimple, and ℋ𝑚,𝑛
∗  contain regular elements if and only if 𝑚 = 𝑛, then ℋ𝑚,𝑛 = ℋ𝑚,𝑛

∗ ∩ 𝒬𝑠 =  ∅ for all natural 

numbers 𝑚, 𝑛, 𝑚 ≠ 𝑛. 

The subsemigroup 

  𝑇 = ∪ {ℋ𝑚,𝑛
∗ : 𝑚 ∈ 𝑁} is an 𝜔- chain of cancellative monoids and a full subsemigroup of 𝑆 by theorem 2.8 [2]. Moreover, 𝒬𝑠 ∩

𝑇 = ∪ {ℋ𝑚,𝑛
∗ : 𝑚, 𝑛 ∈ 𝑁} =  𝒬𝑠 is an 𝜔- chain of groups consisting groups of units of ℋ𝑚,𝑛

∗ , 𝑚, 𝑛 ∈ 𝑁. We observe that, if 𝑎 ∈

ℋ𝑚,𝑛
∗ , 𝑏 ∈  ℋ𝑝,𝑞

∗ , where 𝑝 ≠ 𝑞, then ℋ𝑝,𝑚
∗ =  ∅ so that with  𝑎 =  𝑒𝑚 and 𝑎∗ =  𝑒𝑝, then (𝑒𝑚, 𝑒𝑛)  ∉ 𝒟(𝒬𝑠), hence (𝑎, 𝑏)  ∉

𝒟(𝑆). Therefore 𝒟∗(𝑆) ≠ 𝒟̃(𝑆).  

b) If ℋ𝑚,𝑛
∗  contains a regular element for 𝑚 ≠ 𝑛 and 𝑒𝑛. ℋ0,𝑛−𝑚

∗ =  ℋ𝑚,𝑛
∗ (𝑚 < 𝑛), we then see that ℋ0,𝑛−𝑚

∗  also contains 

a regular element. 

Lemma 2.2 

Let 𝑆 be ∗- bisimple ample 𝜔-semigroup with 𝒟∗ ≠ 𝒟̃. If ℋ0,𝑛
∗ ∩ 𝒬𝑠 ≠  ∅ for a non-zero number 𝑛 then 𝒬𝑠 is a simple inverse 𝜔-

semigroup with 𝑑 𝒟-classes. 

Proof: 

If ℋ0,𝑛
∗ ∩ 𝒬𝑠 ≠  ∅. Consequently, ℛ0 =  ℛ0

∗ ∩  𝒬𝑠  ≠  ∅ so that 𝒬𝑠 must be a simple inverse 𝜔-semigroup by [9]. 

Now if 𝑑 is the least positive integer such that ℋ0,𝑑 contains regular elements, then ℋ0,𝑑  ≠  ∅ and for all 0 < 𝑖, 𝑗 < 𝑑 − 1, 𝑖 ≠ 𝑗, 

the ℋ∗-classes ℋ𝑖,0, ℋ0,𝑖  and ℋ𝑖,𝑗 contain no regular elements, consequently, (𝑒𝑖 , 𝑒𝑗)  ∉ 𝒟 for 𝑖 ≠ 𝑗. Therefore, each 𝑒𝑖 , 0 ≤

𝑖 ≤ 𝑑 − 1 belong to a distinct 𝒟-class and so from [9], 𝒬𝑠 is simple with 𝑑 𝒟-classes and the prove of the lemma is complete. 

However, it is observed that if ℋ0,𝑑
∗ ∩ 𝒬𝑠 ≠  ∅, then ℋ0,𝑘𝑑

∗ ∩ 𝒬𝑠 ≠  ∅ and ℋ𝑘𝑑,0
∗ ∩ 𝒬𝑠 ≠  ∅ so that with 0 < 𝑖 < 𝑑 − 1, 

ℋ0,𝑘𝑑+𝑖
∗ . ℋ𝑘𝑑,0

∗  ⊆  ℋ0,𝑖
∗ =  ∅ and consequently, ℋ0,𝑘𝑑+𝑖

∗ ∩ 𝒬𝑠 ≠  ∅. This together with Lemma 1.20 above shows that ℋ𝑚,𝑛
∗  

contains regular element if and only if 𝑚 = 𝑛(mod𝑑).  

Conversely, suppose 𝑆 be ∗- bisimple ample 𝜔-semigroup such that 𝒬𝑠 is a simple inverse 𝜔-semigroup with 𝑑 𝒟-classes. Then 

from lemma 1.20, ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠 ≠  ∅ if and only if 𝑚 = 𝑛(mod𝑑) and if and only if (𝑒𝑖, 𝑒𝑗)  ∈ 𝒟(𝒬𝑠). However, to see that 

𝒟∗(𝑆) ≠ 𝒟̃(𝑆), let 𝑎 ∈ ℋ0,𝑖
∗ , 𝑏 ∈  ℋ0,𝑗

∗ , 𝑖 ≠ 𝑗, 0 ≤ 𝑖, 𝑗 ≤ 𝑑. But  

 𝑎+ =   𝑒𝑖 , 𝑏 =  𝑒𝑗 and (𝑒𝑖 , 𝑒𝑗)  ∉ 𝒟̃, consequently, (𝑎, 𝑏)  ∉ 𝒟̃. Thus, we have proved 

Lemma 2.3 

ℋ𝑚,𝑛
∗  contains regular elements if and only if 𝑚 = 𝑛(mod𝑑)         

c) 𝑆 with 𝒬𝑠 as an extension of a simple inverse 𝜔-semigroup. 

Lemma 2.4 

Let 𝑆 be ∗- bisimple ample 𝜔-semigroup with 𝒟∗(𝑆) ≠ 𝒟̃(𝑆). If ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠 ≠  ∅ and 𝒬𝑠 is not bisimple for 𝑚 ≠ 𝑛, then 𝒬𝑠 is an 

extension of a simple inverse 𝜔-semigroup. 

Proof: 

Suppose that ℋ𝑚,𝑛
∗ ∩ 𝒬𝑠 ≠  ∅ for 𝑚 ≠ 𝑛 then 𝒬𝑠 is not an 𝜔-chain of groups. Since 𝒬𝑠 is not a simple inverse 𝜔-semigroup, the 

facts in Lemma 1.7 shows that ℛ0 =  ℛ0
∗ ∩  𝒬𝑠 =  ℋ0,0. If 𝑖 is the least positive integer such that ℛ𝑖 =  ℛ𝑖

∗ ∩  𝒬𝑠 ≠  ℋ𝑖,𝑖.  

Let 𝑆𝑖 =  𝑒𝑖𝑆𝑒𝑖, then 𝑒𝑖ℋ𝑚,𝑛
∗ 𝑒𝑖 =  ℋ𝑚,𝑛

∗  ∈ 𝑆𝑖 and 𝒬𝑆𝑖
 is a simple inverse 𝜔-semigroup in view of [9] and Lemma 1.20. 

Let 𝑎 = (𝑚, 𝑥, 𝑛)  ∈ ℋ𝑚,𝑛
∗ , then recall from Lemma 1.11 that 𝑎 is regular if and only if 𝑥 ∈  𝑀𝑚 with an inverse 𝑥−1, that is 𝑚̅ =

 𝑛̅. Thus, it is evident that ℋ𝑚,𝑛
∗  contains regular element if and only if 𝑚 ≡ 𝑛(mod𝑑). Thus, if 𝑎 = (𝑚, 𝑥, 𝑛)  ∈  ℋ𝑚,𝑛

∗  is regular, 

then (𝑓𝑚, 𝑎) ∈  ℛ and (𝑎, 𝑓𝑛) ∈  ℒ, so that  
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𝑓𝑚ℛ𝑎ℒ𝑓𝑛 and so (𝑓𝑚, 𝑓𝑛) ∈ 𝒟. Conversely, if (𝑓𝑚, 𝑓𝑛) ∈ 𝒟, then 𝑎 = (𝑚, 𝑒𝑛̅, 𝑛) is a regular element such that 𝑓𝑚ℛ𝑎ℒ𝑓𝑛 then 𝑎 ∈
 ℋ𝑚,𝑛 and evidently ℋ𝑚,𝑛  ≠  ∅. Hence, the precise set of regular elements are given by:  

 ℋ𝑚,𝑛 = {(𝑚, 𝑥, 𝑛): 𝑥. 𝑥−1 ∈ 𝑀𝑚, 𝑚 ≡ 𝑛 ≡ 𝑚̅(mod𝑑)}. However, with ℋ𝑚,𝑛  ≠  ∅, evidently,  

 (𝑓𝑚, 𝑓𝑛) ∈ 𝒟 and we have proved 

Lemma 2.5 

Let 𝑓𝑚 = (𝑚, 𝑒𝑚̅ , 𝑚), 𝑓𝑛 = (𝑛, 𝑒𝑛̅ , 𝑛) ∈ 𝑆 , then (𝑓𝑚, 𝑓𝑛) ∈ 𝒟  if and only if ℋ𝑚,𝑛
∗  contains a regular element.                                                                                                                 

□ 

Lemma 2.6 

Let 𝑢 = (𝑚, 𝑥, 𝑛), 𝑣 = (𝑝, 𝑦, 𝑞)  ∈ 𝑆, then 𝑢𝒟̃𝑣 if and only if 𝑚 ≡ 𝑝(mod𝑑) and 𝑛 ≡ 𝑞(mod𝑑). 

Proof 

Recall that by the definition of 𝒟̃, 𝑢𝒟̃𝑣 ⇒ 𝑢∗ = 𝑓𝑚 𝒟∗𝑓𝑛 =  𝑣∗ and 𝑢+ = 𝑓𝑚 𝒟∗𝑓𝑛 =  𝑣+. But by Lemma 2.5, (𝑓𝑚, 𝑓𝑛) ∈ 𝒟 if and 

only if 𝑚 ≡ 𝑛(mod𝑑) and then the prove is complete.  

Thus, lemma 2.6 shows that 𝒟̃  ≠ 𝒟∗. 

We prove below that a regular subsemigroup 𝒬𝑠 of 𝑆 is a simple inverse 𝜔-semigroup with 𝑑 𝐷-classes. 

Lemma 2.7 

Let 𝒬𝑠 be the set of regular elements of 𝑆, then 𝒬𝑠  is a simple inverse semigroup with 𝑑-𝒟-classes. 

 

Proof:  

Let 𝑢 = (𝑚, 𝑥, 𝑛) ∈ 𝒬𝑠 . Then 𝑚 ≡ 𝑛(mod)𝑑. 𝑓𝑚𝒟𝑓𝑛 and 𝑢−1 = (𝑛, 𝑥−1, 𝑚) where 𝑥−1 is the inverse of 𝑥 in 𝑇𝑚. Therefore  𝒬𝑠  =
{(𝑚, 𝑥, 𝑛)} ⎸𝑚 ≡ 𝑛(mod 𝑖𝑑), 𝑥 ∈ 𝑔(𝑇𝑖)  
𝑖 = 0,1,2 … … 𝑑 − 1, 𝑚, 𝑛, ∈ 𝑁 where 𝑔(𝑇𝑖) is the group of units of 𝑇𝑖 , 0 ≤ 𝑖 ≤ 𝑑 − 1.                   

Let  𝐼 be an ideal of 𝒬𝑠 , if 𝑢 ∈ 𝐼, then evidently, 𝑓𝑚 = 𝑢. 𝑢−1 ∈ 𝐼. so that 𝐼 contains an idempotent 𝑓𝑚 and consequently for all 𝑘 ∈
𝑁, 𝑓𝑘 . 𝑓𝑚 ∈ 𝐼. If in particular we let 𝑘 > 𝑚, where 𝑘 ≡ 0(mod 𝑑). Then 𝑓𝑘 = 𝑓𝑘. 𝑓𝑚 ∈ 𝐼. But 𝑓𝑘𝒟𝑓0 hence 𝑓0 ∈ 𝐼. Thus, for all 𝑢 ∈
𝒬𝑠 ,  
𝑢 = 𝑢. 𝑓0 ∈ 𝐼 consequently, 𝒬𝑠  ⊆ 𝐼. Therefore, 𝐼 = 𝒬𝑠 . Since 𝐸(𝑆) ⊆ 𝒬𝑠. 𝒬𝑠  is a simple inverse 𝜔-semigroup with non-trivial 

ideals. Hence, 𝒬𝑠  has 𝑑-𝒟-classes by Lemma 2.5 and the prove is complete.                                                                                                       ⊡ 

 

Combining all the facts from [2], [3], [4] together with lemmas 2.4, 2.5, 2.6 and 2.7, we obtain the following result; 

Theorem 2.8:  

Let 𝑆 = 𝑆(𝑀, 𝑑, 𝜃, φ) be a set of triples on a binary array of bisystems (𝑀, 𝑑, 0, φ) subject to the operation as in [1.1].   Then 𝑆 is 

a ∗-bisimple ample 𝜔-semigroup in which  𝒟 ≠ 𝒟∗ and the set of regular elements in 𝑆 is a simple inverse 𝜔-semigroup with 𝑑-𝒟-

classes                   ⊡ 

 

Now we construct a typical example generalized ∗ −bisimple ample 𝜔 −semigroup  

 

3.0 ∗ −bisimple ample 𝝎 −semigroup with 𝓓∗ ≠ 𝓓̃  

 

Let 𝑇 be a cancellative monoid and 𝐼 an ideal of 𝑇. Let  

𝑆 = {(𝑚, 𝑥, 𝑛): 𝑥 ∈ 𝑇 if 𝑚 = 𝑛(mod2)} ∪ {(𝑚, 𝑥, 𝑛), 𝑥 ∈ 𝐼, if 𝑚 ≠ 𝑛(mod2)} for  

𝑚, n ∈ 𝑁. Define multiplication on 𝑆 by:  

(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞) = (𝑚 − 𝑛 + 𝑡, 𝑥𝑦, 𝑞 − 𝑝 + 𝑡) where 𝑡 = max(𝑛, 𝑝).                                      [3.1] 

 

Theorem 3.1 

𝑆 is a semigroup with respect to the operation defined in [3.1] above.  

 

Proof:  

By considering the arbitrary elements (𝑚, 𝑥, 𝑛), (𝑝, 𝑦, 𝑞)  ∈  𝑆, then their product  

(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞)  =  (𝑚 − 𝑛 + 𝑡, 𝑥𝑦, 𝑞 − 𝑝 + 𝑡) where 𝑡 = max(𝑛, 𝑝) and  

(𝑚 − 𝑛 + 𝑡) ≡ (𝑞 − 𝑝 + 𝑡)mod2 for 𝑥𝑦 ∈  𝑇 or (𝑚 − 𝑛 + 𝑡)  ≢  (𝑞 − 𝑝 + 𝑡)mod2 for 𝑥𝑦 ∈ 𝐼  

Thus, this product is closed in S.  

 

For (𝑚, 𝑥, 𝑛), (𝑝, 𝑦, 𝑞) and (𝑟, 𝑧, 𝑠)  ∈ 𝑆, then  

 [(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞)](𝑟, 𝑧, 𝑠) = [𝑚 − 𝑛 + 𝑡, 𝑥𝑦, 𝑞 − 𝑝 + 𝑡](𝑟, 𝑧, 𝑠),  where 𝑡 =  max(𝑛, 𝑝) 

 = [𝑚 + 𝑝 − 𝑛 − 𝑞 + 𝑡1, (𝑥𝑦)𝑧, 𝑠 − 𝑟 + 𝑡1],   where 𝑡1 = max[𝑞 − 𝑝 + max(𝑛, 𝑝) , 𝑟]       
 = [𝑚 − 𝑛 + 𝑝 − 𝑞 + 𝑡1, (𝑥𝑦)𝑧, 𝑠 − 𝑟 + 𝑡1] 
 = [ 𝑚 − 𝑛 + 𝑡3, (𝑥𝑦)𝑧, 𝑠 − 𝑟 + 𝑞 − 𝑝 + 𝑡3]                                                                           [3.2]  

 Hence (𝑚 − 𝑛 + 𝑡3)  ≡ (𝑠 − 𝑟 + 𝑞 − 𝑝 + 𝑡3)mod2 for (𝑥𝑦)𝑧 ∈ 𝑇 or  
 (𝑚 + 𝑝 − 𝑛 − 𝑞 + 𝑡1)  ≢ (𝑠 − 𝑟 + 𝑡1)mod 2 for (𝑥𝑦)𝑧 ∈ 𝐼.  
 Also:  
 (𝑚, 𝑥, 𝑛)[(𝑝, 𝑦, 𝑞)(𝑟, 𝑧, 𝑠)] = (𝑚, 𝑥, 𝑛)[𝑝 − 𝑞 + 𝑡2, 𝑦𝑧, 𝑠 − 𝑟 + 𝑡2], 𝑡2 = max(𝑞, 𝑟) 

 = [𝑚 − 𝑛 + 𝑡3, 𝑥(𝑦𝑧), 𝑠 − 𝑟 + 𝑞 − 𝑝 + 𝑡3],  where 𝑡3 = max[ 𝑛, 𝑝 − 𝑞 + max(𝑞, 𝑟)]         [3.3]                      

 (𝑚 − 𝑛 + 𝑡3) ≡ (𝑠 − 𝑟 + 𝑞 − 𝑝 + 𝑡3)mod2 for 𝑥(𝑦𝑧) ∈ 𝑇 or  
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 (𝑚 − 𝑛 + 𝑡3) ≢ (𝑠 − 𝑟 + 𝑞 − 𝑝 + 𝑡3)mod2 for 𝑥(𝑦𝑧) ∈ 𝐼 

By comparing [3.2] and [3.3], noting that the outer coordinates are bicyclic and are associative while 𝑇 is a monoid and 𝐼 an ideal 

of  𝑇, so that (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧). Thus  

 [(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞)](𝑟, 𝑧, 𝑠) = (𝑚, 𝑥, 𝑛)[(𝑝, 𝑦, 𝑞)(𝑟, 𝑧, 𝑠)] and then 𝑆 is a semigroup. 

  
(𝑚, 𝑥, 𝑛) ∈ 𝑆, suppose that (𝑚, 𝑥, 𝑛)(𝑚, 𝑥, 𝑛) = (𝑚, 𝑥, 𝑛) then 

 (𝑚 − 𝑛 + 𝑡, 𝑥2, 𝑛 − 𝑚 + 𝑡) = (𝑚, 𝑥, 𝑛), 𝑡 = max(𝑚, 𝑛) . 
𝑚 − 𝑛 + 𝑡 = 𝑚 ⟹ 𝑛 = 𝑡                                                                                                     [3.4] 
𝑛 − 𝑚 + 𝑡 = 𝑛 ⟹ 𝑚 = 𝑡                                                                                                     [3.5]                                                        

By [3.4] and [3.5] we have 𝑚 = 𝑛 

Now 𝑥2 = 𝑥 if and only if 𝑥 = 1 ∈ 𝑇 

We have proved that 
 

Lemma 3.2 

The idempotents of 𝑆 are of the form (𝑚, 1, 𝑚), 𝑚 ∈ 𝑁.                                                               □ 

 

Definition 3.3 

Let 𝐸𝑆 = {(𝑚, 1, 𝑚): 𝑚 ∈  𝑁} be the set of idempotents of 𝑆 

 

Lemma 3.4 

𝐸𝑆 is 𝜔 – chain of idempotent.  

 

Proof: 

Already from above, the idempotents of 𝑆 are of the form 𝐸𝑆 = {(𝑚, 1, 𝑚): 𝑚 ∈  𝑁} 

But if (𝑚, 1, 𝑚) ≥ (𝑛, 1, 𝑛), for 𝑛 ≥ 𝑚, then 𝐸𝑆 forms an 𝜔 −chain. 

 

Let (𝑚, 𝑥, 𝑛), (𝑝, 𝑦, 𝑞) ∈ 𝑆,  and let  (𝑖, 𝑎, 𝑗), (ℎ, 𝑏, 𝑘)   ∈  𝑆1 such that 

(𝑚, 𝑥, 𝑛)(𝑖, 𝑎, 𝑗) = (𝑚, 𝑥, 𝑛)(ℎ, 𝑏, 𝑘)  If and only if (𝑝, 𝑦, 𝑞)(𝑖, 𝑎, 𝑗) = (𝑝, 𝑦, 𝑞)(ℎ, 𝑏, 𝑘)  

That is (𝑚 − 𝑛 + 𝑡, 𝑥𝑎, 𝑗 − 𝑖 + 𝑡) = (𝑚 − 𝑛 + 𝑢, 𝑥𝑏, 𝑘 − ℎ + 𝑢)                                         [3.6]       

Where 𝑡 = max(𝑛, 𝑖) , 𝑢 = max(𝑛, ℎ)           

And  

 (𝑝 − 𝑞 + 𝑣, 𝑦𝑎, 𝑗 − 𝑖 + 𝑣) = (𝑝 − 𝑞 + 𝑤, 𝑦𝑏, 𝑘 − ℎ + 𝑤).                                                   [3.7] 

where 𝑣 = max(𝑞, 𝑖) , 𝑤 = max( 𝑞, ℎ) 

By comparing [3.6] and [3.7], we have  𝑖 = ℎ, 𝑗 = 𝑘 

But by the cancellation law in 𝑇, 𝑥𝑎 = 𝑥𝑏 ⟹  𝑎 = 𝑏 and so (𝑚, 𝑥, 𝑛)ℒ∗(ℛ∗)(ℎ, 1, ℎ) and we have proved; 

 

Lemma 3.5 

 (𝑚, 𝑥, 𝑛)ℒ∗(ℎ, 1, ℎ) 

 (𝑚, 𝑥, 𝑛)ℛ∗(𝑘, 1, 𝑘)                                                                                                        □ 

 

Lemma 3.6 

𝑆 is adequate.  

Proof: 

Since the idempotents of 𝑆 are of the form (𝑚, 1, 𝑚) and (𝑛, 1, 𝑛) in 𝐸𝑆 then clearly  

 (𝑚, 1, 𝑚)(𝑛, 1, 𝑛)  =  (𝑚 − 𝑚 + 𝑡, 1, 𝑛 − 𝑛 + 𝑡) 

 where 𝑡 = max(𝑚, 𝑛). 

(𝑚, 1, 𝑚)(𝑛, 1, 𝑛)  =  (𝑚 − 𝑚 + 𝑡, 1, 𝑛 − 𝑛 + 𝑡)  =  (𝑡, 1, 𝑡 ) =  (𝑛, 1, 𝑛)(𝑚, 1, 𝑚)  showing that ∀ 𝑒, 𝑓 ∈  𝐸𝑆, 𝑒𝑓 =  𝑓𝑒 . Which 

shows that 𝑆 is adequate. 

 

Lemma 3.7 

𝑆 is an ample semigroup  

Proof:  

But since 𝑆 is adequate, then let 𝑒 = (𝑝, 1, 𝑝) and let 𝑎 =  (𝑚, 𝑥, 𝑛), then  

𝑒𝑎 = (𝑝, 1, 𝑝)(𝑚, 𝑥, 𝑛) = (𝑡, 𝑥, 𝑛 − 𝑚 + 𝑡), 𝑡 = max(𝑝, 𝑚)                                                        [3.8]  

Hence 𝑒𝑎 = (𝑝, 𝑥 𝑛 − 𝑚 + 𝑝) if 𝑝 > 𝑚 and 𝑒𝑎 = (𝑚, 𝑥 𝑛 ) for 𝑚 > 𝑝 

But observe that (𝑒𝑎)∗ is the idempotent of the class containing 𝑎 and so, 

 (𝑒𝑎)∗ = (𝑚, 1, 𝑚) and therefore 

𝑎(𝑒𝑎)∗ = (𝑚, 𝑥, 𝑛)(𝑚, 1, 𝑚) = [𝑚 − 𝑛 + 𝑡, 𝑥, 𝑡] = (𝑚, 𝑥, 𝑛), and 𝑎(𝑒𝑎)∗ = 𝑒𝑎                                       

 

Similarly,  

 𝑎𝑒 = (𝑎𝑒)+𝑎. Thus, 𝑆 is an ample 𝜔-semigroup.  

 

But ∀ 𝑒𝑛  ∈  𝐸𝑆  ⊆  𝑆, then  𝑒𝑚 ≥ 𝑒𝑛, if 𝑛 >  𝑚 , then 𝑆 is also an ample  𝜔-semigroup.  
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Recall that 𝑎, 𝑏 ∈  𝑆 are regular if  𝑎𝑏𝑎 = 𝑎 and 𝑏𝑎𝑏 = 𝑎. Now if 𝑎 =  (𝑚, 𝑥, 𝑛) and 𝑏 =   (𝑝, 𝑦, 𝑞), we have:  

(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑛)(𝑚, 𝑥, 𝑛) = (𝑚, 𝑥, 𝑛) and so 

 [𝑚 − 𝑛 + 𝑡, 𝑥𝑦, 𝑞 − 𝑝 + 𝑡](𝑚, 𝑥, 𝑛) = (𝑚, 𝑥, 𝑛), 𝑡 = max(𝑛, 𝑝) therefore 

 [𝑚 − 𝑛 − 𝑞 + 𝑝 + 𝑤, 𝑥𝑦𝑥, 𝑛 − 𝑞 + 𝑝 + 𝑡 + 𝑤] = (𝑚, 𝑥, 𝑛), where, 𝑤 = max(𝑞 − 𝑝 + 𝑡, 𝑚).  

if this holds then: 

 𝑥𝑦𝑥 = 𝑥 and by working the other coordinates, then 𝑡 = 𝑛. 
 Similarly 

(𝑝, 𝑦, 𝑞)(𝑚, 𝑥, 𝑛)(𝑝, 𝑦, 𝑞) = (𝑝, 𝑦, 𝑞) so that 

 [𝑝 − 𝑞 − 𝑛 + 𝑚 + 𝑢, 𝑦𝑥𝑦, 𝑞 − 𝑛 + 𝑚 − 𝑣 + 𝑢] = (𝑝, 𝑦, 𝑞) where 𝑣 = max ( 𝑞, 𝑚)    
 And 𝑢 = max(𝑛 − 𝑚 + 𝑣, 𝑝),  so by comparing the outer coordinates and solving them out we have  
 𝑦𝑥𝑦 = 𝑦 and 𝑣 = 𝑞   thus, 𝑇 must be regular.  

However, we can see from here that 𝐷∗ ≠ 𝐷̃   since 𝑆 has 𝑑 = 2 𝐷∗ equivalence classes, while 𝐷̃ has 4 equivalence classes of the 

form: 

 𝐷̃ = {(𝑚, 𝑥, 𝑛) ∈ 𝑆 ∶ 𝑚, 𝑛 ∈ 𝑁, 𝑚 ≡ 𝑎(mod2), 𝑛 ≡ 𝑏(mod2) }  𝑎𝑛𝑑 𝑎 ∈ {0,1}   ∈ 𝑏.   
 

Conclusion  

[3] constructed generalized class of ∗- bisimple ample 𝜔-semigroups and characterized it as an extension of binary array of 

bisystems of cancellative monoids while the properties were given in [4]. Here we further generalize the properties of this class of 

semigroups as were seen in lemmas 2.1 via 2.8. In the last section, we construct a typical example of a semigroup in this class and 

the properties were studied.   
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