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1. Introduction 

Response surface designs are a collection of mathematical and statistical techniques useful for analyzing problems where several 

independent variables influence a dependent variable or response. Box and Hunter (1957) introduced designs having spherical 

variance function are called rotatable designs. Das and Narasimham (1962) constructed rotatable designs using balanced incomplete 

block designs (BIBD). Raghavarao (1963) constructed second order rotatable designs (SORD) using symmetrical unequal block 

arrangements (SUBA) with two unequal block sizes. Draper and Guttman (1988) suggested an index of rotatability. Khuri (1988) 

introduced measure of rotatability for response surface designs. Park et al. (1993) introduced new measure of rotatability for second 

order response surface designs. Kim (2002) introduced extended central composite designs (CCD) with the axial points are indicated 

by two numbers. Kim and Ko (2004) developed slope rotatability of second type of CCD. Victorbabu (2007) studied a review on 

SORD. Kim (2019) suggested modified slope rotatability using extended CCD. Chiranjeevi et al. (2021) extended the work of Kim 

(2002) and suggested second order rotatable designs of second type using CCD for 9≤v≤17 (v: number of factors). Chiranjeevi and 

Victorbabu (2021a, 21b, 21c) studied SORD second type using BIBD, PBD and SUBA with two unequal block sizes 

In this paper, second order rotatable designs of second type – A review is suggested. This paper is compared with second 

order rotatable designs of second type using different designs. 

2. Conditions for second order rotatable designs 

  Suppose we want use the second order response surface design D = ((xiu)) to fit the surface,  
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where xiu represents the level of ith factor (i=1,2,…,v) in the uth run (u=1,2,…,N) of the experiment and  uφ  are uncorrelated random 

error with mean zero and variance  σ2. Then ‘D’ is said to be second order rotatable designs (SORD) if the variance of Yu(x1, x2, 

…, xv) with respect to each of independent variable ( xi ) is only a function of the distance 

v
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(d = x )  of the point (x1, x2, …, xv) 

from the origin (centre) of the design. Such a spherical variance function for estimation of responses in the second order polynomial 

model is achieved if the design points satisfy the following conditions (cf. Das and Giri 1999). 

 All odd order moments are must be zero. In their words when at least one odd power x’s equal to zero. 
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        fori≠j≠k≠l;                      (2.2) 
2

iu 22. (i) x =constant=Nμ   
(ii) 

4

iu 4x =constant=cNμ  for all i (2.3)
2 2

iu ju 43. x x =constant=Nμ ;foralli j  

                     (2.4) 4

2

2

μ v
4. >

μ (c+v-1)
      

                   (2.5)
4 2 2

iu iu ju5. x =c x x        

                  (2.6) 

where c, 4μ and 2μ are constants.  

The variances and covariance of the estimated parameters are 
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and other co variances vanish.                                      (2.7) 

3. Second order Rotatable Designs of Second type using Central Composite Designs  

The central composite designs are widely used for fitting of second order model. The central composite designs are 

constructed by adding suitable fractional combinations to those obtained from 
v

p

1
×2

2
fractional factorial design (here 

v

p

1
×2

2
 

denotes a suitable fractional replicates of 2v), in which no interaction with less than five factors are confounded. In coded from the 

points of 2v (2t(v) factorial have coordinates (±1,±1,...,±1)  and 4v axial points have coordinates of the form

1 1 1(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) and 2 2 2(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) etc, and if necessary no 

central point’s may be replicated. It is pointed out that replication of axial points (na) rather than replication of central point’s provide 

appreciable advantage in terms of efficiency of the estimates of the parameters of the model. Thus we have the total number of 

experimental points 
t(v)

0N=2 +4v+n  

Theorem (3.1):  The design points, 
t(k) 1 1

1 2 0
[1-(v,b,r,k,,λ)]2 U(a ,0,...,0)2 U(a ,0,...,0)2 U(n ) will give a v-

dimensional SORD of second type using BIBD in 
t(k)

0N=b2 +4v+n  design points, with 

t(k)

4 4

1 2

2 (3λ-r)
a +a =

2
 

4. Second order rotatable designs of second type using balanced incomplete block design  
Let (v, b, r, k, λ) denote parameters of BIBD, 2t(k) denote a fractional replicate of 2k in +1 or -1 levels in which no interaction 

with less than five factors are confounded. [1- (v, b, r, k, λ)] denote the design points generated from transpose of the incidence 

matrix of BIBD. Let            [1-(v, b, r, k, λ)]2t(k) are the b2t(k) design points generated from  BIBD by “multiplication”       (cf. 

Raghavarao, 1971, pp 298-300). We use the additional set of points like 1 1 1(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) and

2 2 2(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a )  are two sets of axial points. Here
1 1

1 2(a ,0,0,...,0)2 U(a ,0,0,...,0)2 denote the 

4v axial points generated from 1(a ,0,0,...,0)  and 2(a ,0,0,...,0)  point sets. Let U denote the union of the design points generated 

from different sets of points, and (n0) denote the number of central points. The method of construction of SORD of second type (cf. 

Kim 2002) using BIBD is given in the following theorem. 

Theorem (4.1):  The design points, 
t(k) 1 1

1 2 0
[1-(v,b,r,k,,λ)]2 U(a ,0,...,0)2 U(a ,0,...,0)2 U(n ) will give a v-

dimensional SORD of second type using BIBD in 
t(k)

0N=b2 +4v+n  design points, with 

t(k)

4 4

1 2

2 (3λ-r)
a +a = .

2
 

 

5. SORD of second type using symmetrical unequal block arrangements with two unequal block sizes 

 Let 1 2 1 2,(v, b, r, k , k ,b , b λ)  denote a parameters of symmetrical unequal block arrangements (SUBA) with 

two unequal block sizes, b1+b2=b, k=sup(k1, k2,) and 2t(k) denote a fractional replication of 2k in +1 or -1 levels in which no 

interaction with less than five factors are confounded. 1 2 1 2,[1-(v, b, r, k , k ,b , b λ)] denote the design points generated from 

transpose of the incidence matrix of SUBA with two unequal block sizes. Let 
t(k)

1 2 1 2,[1-(v, b, r, k , k ,b , b λ)]2 are the b2t(k) 

design points generated from SUBA with two unequal block sizes by “multiplication” (cf. Raghavarao (1971), pp 298-300). We 

use the additional set of points like 1 1 1(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) and
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2 2 2(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a )are two sets of axial points. Here 
1 1

1 2(a ,0,0,...,0)2 U(a ,0,0,...,0)2 denote the 

4v design points generated from 1 2(a ,0,0,...,0)U(a ,0,0,...,0)  point set. Let U denote the union of the design points generated 

from different sets of points, and (n0) denote the number of central points. The method of construction of SORD of second type 

using SUBA with two unequal block sizes is given in the following theorem. 

Theorem (5.1):  The design points,

t(k) 1 1

1 2 1 2, 1 2 0
[1-(v, b, r, k , k ,b , b λ)]2 U(a ,0,...,0)2 U(a ,0,...,0)2 U(n ) will give a v-dimensional 

SORD of second type using SUBA with two unequal block sizes in 
t(k)

0N=b2 +4v+n  design points, with 

t(k)

4 4

1 2

2 (3λ-r)
a +a = .

2
 

6. SORD of second type using pairwise balanced design 
 Let (v,b,r,k1,k2,..,kp,λ) denote a parameters of PBD, k=sup(k1,k2,..,kp) and 2t(k) denote a fractional replication of 2k 

in +1 or -1 levels in which no interaction with less than five factors are confounded. 1 2 p[1-(v,b,r,k ,k ,...,k ,λ)]denote the design 

points generated from transpose of the incidence matrix of  PBD. Let 
t(k)

1 2 p[1-(v,b,r,k ,k ,...,k ,λ)]2 are the b2t(k) design points 

generated from PBD by “multiplication” (cf. Raghavarao (1971), pp 298-300). We use the additional set of points like

1 1 1(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) and 2 2 2(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a ) are two sets of axial points. 

Here 
1 1

1 2(a ,0,0,...,0)2 U(a ,0,0,...,0)2 denote the 4v design points generated from 1 2(a ,0,0,...,0)U(a ,0,0,...,0)  point set. Let 

U denote the union of the design points generated from different sets of points, and (n0) denote the number of central points. The 

method of construction of SORD of second type using PBD is given in the following theorem. 

Theorem (6.1) The design points, 
t(k) 1 1

1 2 p 1 2 0
[1-(v,b,r,k ,k ,..,k ,λ)]2 U(a ,0,...,0)2 U(a ,0,...,0)2 U(n ) will give a 

v-dimensional SORD of second type using PBD in 
t(k)

0N=b2 +4v+n  design points, with 

t(k)

4 4

1 2

2 (3λ-r)
a +a = .

2
 

Table 1: Comparison of variance of estimated responses for SORD of second type using different designs (Here d=σ=1) 

Factors: v 
CCD BIBD PBD SUBA with two unequal block sizes Minimum variance 

2 0.2789 - - - CCD 

3 0.1816 0.225 - - CCD 

4 0.1222 0.0925 - - BIBD 

5 0.1259 0.045 - - BIBD 

6 0.0858 0.0693 - 0.0277 SUBA with two unequal block sizes 

7 0.0562 0.0475 - - BIBD 

8 0.0594 0.0297 - - BIBD 

9 0.0372 0.0264 0.0413 0.017 SUBA with two unequal block sizes 

10 0.0394 0.026 0.0434 0.0434 BIBD 

11 0.0415 0.0451 - - BIBD 

12 0.0248 0.0121 - 0.0184 BIBD 

13 0.0248 0.0112 0.0098 - PBD 

14 0.0275 - 0.0102 - PBD 

15 0.0287 0.0107 - - BIBD 

16 0.0299 - - - CCD 

17 0.0311 - - - CCD 

 

From the table 1 we suggest the following in this limited study, we compare the variance of estimated response among the methods 

of SORD of second type using CCD, BIBD, PBD and SUBA with two unequal block sizes. For v=3 factors SORD of second type 

using CCD gives the minimum variance compared with SORD of second type using BIBD. For v = 4, 5, 7, 8, 10, 11, 12, and 15 

factors SORD of second type using BIBD gives the  minimum variance compared with SORD of second type using CCD, PBD and 

SUBA with two unequal block sizes. Similarly it observe that from table 4.6, for v =6 and 9 factors SORD of second type using 

SUBA with two unequal block sizes gives the minimum variance compared with SORD of second type using CCD, BIBD and 

PBD. Similarly it observe that table 4.6, for v =13 and 14 factors SORD of second type using PBD gives the minimum variance 

compared with SORD of second type using CCD and BIBD (Please see the above table).   
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