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Abstract

We have represented several geometrical figures such as triangles, rectangle, parallelogram, hexagon with help of

transformations of linear form defined by us.
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I. Introduction

In this paper there is a fusion of ideas of geometry and functional analysis. From books of
functional analysis we are familiar with ideas of linear transformation and linear operator given in
references such as [1], [2], [3] and [4].We have generalised idea of linear transformation and named it
transformation of linear form. With its help we have represented a variety of geometrical figures.

I1. Definition

Let (X, y) €eR2. Then a transformation of linear form, denoted by E is defined by
E (X y) =(ax+by+c,cx+dy+c,)
where a, b, ¢, d, ¢}, ¢, are real numbers.

When ¢ =¢=0 then E is a linear transformation.

I1l. Theorem
We consider an example of a linear transformation.
Theorem-1

A triangle with vertices (1, 1), (2, -10) and (-3, 9) can be represented by a linear transformation.
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Proof :

A(LD

B(2,-10) C(-3,9)
Let E (x,y) be a transformation of linear form such that

E (X, y) = (ax+by + ¢, cx + dy +C,).

If E represents the triangle as shown, then

E1)=(2 -10),E(2,-10)=(-3,9)and E (-3,9) = (1, 1) .. (1)
Comparing x co-ordinates from both sides in relations (1),

a+b+c =2 .. (2)

2a-10b+¢; =-3 .. (3)

—3a+9b+c =1 .. (4)

Adding (2), (3) and (4),

3¢,=0 =¢ =0
Then due to (2) and (3),
a+b=2
2a—10b=-3
Solving for a and b,
a= % and b = é

These values satisfy the equation (4) also.

Comparing y coordinates from both sides in relations (1),

c+d+c,=-10 .. (5)
2c-10d +¢, =9 ... (6)
—3c+9d +¢c, =1 .. (7)

Adding (5), (6) and (7),
3,=0 ='c,=0.

Since ¢ =Cy= 0, E is a linear transformation.

Then due to (5) and (6),
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c+d=-10 =2c+2d=-20

2c—4d =9
Solving for c and d,

__91 4__29

c=—15>d="1;

Hence
(12,, 71, 9 _Q)
E(X’y)_(12X+12y’ 12X 127

=%(l7x+7y,—91x—29y)

which is a linear transformation representing the given triangle. #

New we consider case of an equilateral triangle.
Theorem-2

An equilateral triangle with coordinates as shown can be represented by transformation of linear
form.

Proof :
A(2a.4a)

p—
J

B(2a, 6a) C(2a + yJ3a, 3a)
Clearly ABC is an equilateral triangle whose each side is 2a. Let E be a transformation of linear

form which represents this triangle defined by
E (X, y)=(x+my+c, nx+ py+c,).

Then we get the following relations

E (2a, 4a) = (2a, 6a), E(2a, 6a) = (2a + /33, 5a) and E (2a +/3a,5a) =2a,4a) ... (1)
Considering x coordinates on both sides in relations (1),

2al +4am+c¢; =2a .. (2)

2a|+6am+c1:2a+\/§a .. (3)

(2a+J§a)I+5am+c1:2a .. (4)
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Substracting (2) from (3),
2am = ﬁa = m=

ol

Substracting (2) from (4),
J3al +am=0

:>\/§I+m:0

:lz_ﬂ—_ _3:_

—_1 5
N
Considering (2) and substituting values of | and m,

1), 4q 3

5 +4a7+c1=2a

N

2a

:>—a+2a\/§ +¢ =2a

=c =3a-2a3 =a(3-243)
Next we compare y coordinates in relations (1),

2an+4ap +c, =6a ... (5)

2an+6ap +c, =5a ... (6)

(2a+J§a)n+5ap+02=4a .. (7)
Substracting (5) from (6),

2ap =—a = p=—%.
Substracting (6) from (7),

Jan—ap=-a
= 3n—p=-1

U
(8]
>
I
o
L
I
|
|
|
~
I
|
N

= n=-—-".

Putting values of n and p in (5)

—%)jtc2 =6a

2a (—ﬁj +4a

2

= —3a-2a+c,=6a
:czz6a+2a+J§a :a(\/§+8)
Hence

( )
E (%, y):L—%X+§y+a(3—2\/§),—§X—%y+a(\/§+8)J#
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Now we consider a triangle whose vertices have integral co-ordinates and whose circumcentre has
also integral co-ordinates.
Theorem-3

A triangle with vertices having integral co-ordinates as shown in figure has circumentre with
integral co-ordinates and can be represented by a transformation of linear form.

Proof :
4(12,43)

B (18, 39) (42, 3)
First we find its circum-centre, say (r, s). Then we have following relations, since AP = BP = CP.
(r—12)2 + (s —43)% = (r —18)% + (s —39)? = (r — 42)% + (s —3)? - (D)
Due to first equation in (1),
(r—12)2 + (s — 43)2 = (r —18)%2 + (s — 39)2
=(r—12)2 —(r—18)2 = (s —39)2 — (s — 43)?
= 6(2r —30)=4 (25 —82)
=3(r—15)=2(s—41)
=3r-25=45-82=-37
Also from (1),
(r —18)2 + (s —39)2 = (r —42)2 + (s —3)2
= (r—18)2 —(r —42)2 = (s=3)%2 = (s—39)2
= 24 (2r — 60) = 36 (25 — 42)
=2(r-30)=3(s—21)
=2r-3s=-63+60=-3
Add to this 3r —2s=-37 and we get
5r—-5s=-40
=r—-s=-8 =r=5-8
Hence 3r —2s=-37
—=3(s—8)—-25=-37 = s= —37+24=-13
Thenr=s-8=-13-8=-21.

Hence circum-centre is (-21,—13) which has integral co-ordinates.
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Let E (X, y) be a transformation of linear form which represents this triangle such that

E (X, y) = (ax+by +c;, cx+dy +¢,)

Then,
E (12, 43) = (18, 39), E (18, 39) = (42, 3) E (42, 3) = (12, 43) .. (2)
Considering x coordinates on both sides in relations (2),
12a+43b+¢; =18 .. (3)
18a+39% +¢; =42 .. (4)
42a+30+¢ =12 .. (5)

Substracting (3) from (4),
6a—4b=24 = 3a-2b=12 ... (6)

Substracting (4) from (5),
24a-36b=-30 = 12a-18b=-15 = 4a—-6b=-5 .. (7)
Solving (6) and (7),

_41 ,_63
a=7b=13

Then from (3),
18 198 — 43 —18 _ 41 63 _ —3513
¢ =18—-12a —43b=18 -12 x 5 43><10 10

Considering y coordinates on both sides in relations (2),

12¢ +43d +¢, =39 .. (8)
18c +39d +¢, =3 ... (9)
42¢ +3d +c¢, =43 ... (10)

Substracting (8) from (9),
6c—-4d=-36 = 3c-2d=-18 .. (11)

Substracting (9) from (10),
24c—-36d=40 = 6¢c—9d =10 .. (12)

Solving (11) and (12) for ¢ and d,

co_ 182 446

15° 5
Hence using (8),

L2019 —43d = 182 46 _ 2901
¢, =39-12c —43d =39 +12x 1324430 - X
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Therefore

E(X,y):(%lmg 3513 182, 46 2901)

1077100715 "5 Y5
represents the triangle.
Now we discuss a general case when transformation of linear form can be reduced to linear
transformation.

Theorem-4
Consider a triangle ABC with vertices A(a, b)), B (a,,b,) and C (a5, b;). Then if from each x-

coordinate of vertex r is deducted and from each y coordinate of vertex s is deducted where
r=3 (g +a, +ag) and s =3 (b, +b, +by), then the new triangle, say LMN will be represented by a
linear transformation.

Proof :
#1((11 2 /)I ) L(ul r, hl -5)

Blay, by) Clag, by) M(ay=r,by=5)  N(ay-r, by~5)
Let E be a transformation of linear form which represents A LMN and be defined by

E (X, y)=(ax+by + ¢, cx+dy +¢,).

Then
E(@ —r,b-s)y=(@,-r,b,-s),E(@, -r,b, -s)=(a;-r,b; —s) 1)
and E (a3 —r,by —s)=(a, — 1, —s) )
Comparing x coordinates on both sides in above relations,
a(@-r+b -s)+c=a,-r .. (2)
a(@—-r+b,-s)+¢=a;-r .. (3)
a(@-r-+by—-s)+c=a -r .. (4)
Adding (2), (3) and (4),
a(+a,+a;—3r)+b(b +b, +b; -38)+3¢ = +a, +a; - 3r
=a-0+b-0+3¢ =0
= ¢ =0
Comparing y coordinates on both sides in relations (1),
c(g—-nN+d -s)y+c,=b,—s .. (5)
c(@a-r+db,-s)+c,=hby—s ... (6)
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c(@g—r)+d(y-s)+c,=b —s - (7
Adding (5), (6) and (7),
C(ay+a,+ag—3r)+d(b +b, +by—3s)+3c, =b; +b, +b; —3s
=¢-0+d-0+3¢c,=0 = ¢,=0.
Hence E (X, y) = (ax + by, cx + dy), a linear transformation.
Theorem-5

Transformation of linear form E defined by

V3 B, o1, )

(
1, N _N° 1
E(x,y)—k 2x+ > y+¢, > X 2y+cZJ

represents an equilateral triangle.

Proof :
Al ay, /1| )

B(tl:.i’: ) ('(U}-b})

Let A ABC be represented by E as defined above. Then

E (ag, by) = (@,, by), E (8,,b,) = (a3, by) and E (a3, bs) = (ay, by) ()
Comparing x coordinates on both sides in relations (1),

2 Lo+ 1 e

as=_%az+§b2+°1 - (3)

a-—day+ b g -
From (2) and (3), we get

az—a3=—%(a1—a2)+§(bl—b2) .. (5)

From (3) and (4), we get
=4 (@~ + L, by - (©)

Comparing y coordinates on both sides in relations (1),

3 (7

3,1
by=-"5-a —5b +¢

3
=20, - 1b, 4, - ®
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3
bl=—§as—%b3+cz - )
From (7) and (8),
by by =3 a2 ) - (10

From (8) and (9),
by -ty = Py ) 30, by -
Squaring (5) and (10) and adding,
(ap —83)* + (b, —b3)? = (a; ~2,)* + (B ~ b,)?
= BC2 = AB?,
Squaring (6) and (11) and adding,
(a3 —ap)° + (by —by)? = (8, —23)* + (b, ~by)?
= AC? =BC?.
Hence, ABZ =BC2 = AC?
= AB=BC=AC
i.e. the triangle ABC is equilateral

Next we have a case of a rectangle which can be represented by a transformation of linear form.

Theorem-6

A rectangle with vertices as shown in the figure can be represented by a transformation of linear

form.

Proof :
A(2.-2) D-1.1)

B(8.4) C(5,7)
ABCD is a rectangle such that AB=CD =6 ﬁ
AD = BC =3,/2, AC = BD =3./10.
Let E representing the rectangle ABCD be denoted by
E (X, y)=(ax+by +cj, cx+dy + ).

Then we have
E (23 _2) = (83 4)3 E (89 4) = (53 7)9 E (55 7) = (_13 1)9 E (_17 1) = (29 _2) (1)
International Journal for Research Trends and Innovation (www.ijrti.org)
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Comparing x coordinates on both sides in above relations (1),

2a-2b+c =8 .. (2)
8a—4b+c =5 .. (3)
S5a+7b+¢ =-1 .. (4)

Substracting (2) from (3),
6a+6b=-3 = 2a+2b=-1 .. (5)

Substracting (4) from (3),

3a—3b=6 = a-b=2 = 2a-2b=4 ... (6)
From (5) and (6),

a= % b= —%
Due to (2),

c1=8—2a+2b=8—§—g=4
Comparing y coordinates on both sides in relations (1),

2c-2d+c,=4 - (7)

8c+4d +c, =7 .. (8)

Sc+7d +¢,=1 .. (9)
Substracting (7) from (8),

6c+6d=3 = 2c+2d=1 ... (10)
Substracting (9) from (8),

3c-3d=6 =>c-d=2 = 2c-2d=4 .. (11)

From (10) and (11),
c:%,d :—%
From (7) using (11),
C,=4-2c+2d=4-(2c-2d)=4-4=0
Hence we conclude that
E (X y)=(%x—%)/+4,%x—%y) :%(3x—5y+16,5x—3y)
Then
E(—1,1)=%(—3—5+16,—5—3)=(2,—2)

Hence E represents the rectangle ABCD.
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Note :-

In this case as ¢, =0, we get a partial linear transformation.# Next we have case of a
parallelogram.
Theorem-7

A parallelogram with vertices as shown in the figure can be represented by a transformation of
linear form.

Proof :
A(-2, -1 D(1.2)

B(1,0) C(4,3)
Given figure is a quadrilateral such that
AB=CD=./10, BC= AD=34/2, AC=2,/13,BD=2 = AC = BD.
Thus ABCD is a parallelogram.
Let E be a transformation of linear form representing this parallelogram and defined by
E (X, y) = (ax+by + ¢, cx+dy +C).
Since E represents the parallelogram,
E-2,-1)=(1,0),E0,00=4,3),E4,3)=(1,2),E(1,2)=(-2,-1) .. (D

Comparing x coordinates on both sides in first three relations in (1),

—2a-b+c¢ =1 - (2)
atc -4 - @
4da+3b+c =1 .. (4)

Substracting (2) from (3),
3a+b=3 .. (5)

Substracting (3) from (4),
3a+3b=-3 = a+b=-1 ... (6)

Due to (5) and (6),
a=2b=-3

Due to (3),
c=4-a=4-2=2.
Comparing y coordinates on both sides in first three relations in (1),
—2c-d+¢c,=0 . (7)
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c+c,=3 ... (8)

4c+3d +c, =2 .. (9)
Substracting (7) from (8),

3c+d=3 .. (10)

Substracting (8) from (9),

3c+3d =-1 .. (11)
Solving for ¢ and d from (10) and (11),
c= % d=-2.
Due to (8),
c2:3—c:3—%:%.
Hence
E (X, y)=(2x—3y+2,§x—2y+%)
Then

E(1,2):(2—6+2,%—4+%):(—2,—1).

Thus all relations given in (1) are true and E represents the parallelogram ABCD #.

Next a particular hexagon has been also shown to be represented by a transformation of linear
form.
Theorem-8

A hexagon with one vertex at the origin, symmetrical about y axis and on its positive side can be
represented by a transformation of linear form.

Proof :

Q0,0
Let OABCDEO be a hexagon with its vertices and their co-ordinates as shown in figure. Clearly

each side of hexagon is a, each internal angle being 120°.
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Let transformation of linear form be
E(x, y)=(ax+b'y+c;, c'’x+dy+cy).

Since E represents the hexagon,

(a3 4) (a3 ) (a\/_ 3| (a3 7a)_(02a) ()

200503 E5 82 T T

Comparing x coordinates on both sides in relations given by (1),

E(0,0)= (a23,3}3a0+b 0+¢ = —\/_:cl \/_
(3] [Pyl B of of

= a’+b’\/§+1:0 = a'+(—\/§a').\/§+1:0

Next we compare y coordinates on both sides in (1),

( )
E(O,O)=La—23,%J =¢0+d0+¢c,=5 =c, =%
(a 3 \ ( \/_ \ !
ay3 a; _18y3 3a,_,C'aJy3 da ,a_3a
S22l 2)T T T T2
=c\3+d +1=3=c'\3+d' =2 - (2)
(a 3 A : \/— :
a3 3al_ cay3 d'3a a_
EL > ,ZJ_(O,Za):> 5 T 5 +2_2a
—'\3+3d"+1=4 =¢'\[3+3d' =3 .. (3)
Substracting (2) from (3),
2d'=1=d'=7

Na

Hence from (2), c’\/§+ % =2 =cC'= 5

B, afs ﬁlegj

(
11, _~N°
Hence E(x,y)_kzx > y+ > 5 >
In order to justify representation of hexagon by E, we need to show

E(O’za)_k iﬁ} L_i 3_aJ k_a_\/g éj E(_a_B é):(()’o)_

2 72 2 72 2 °2)° 2 °2
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Now
( A4 )
E (0,2a) = L—§2a+ a3 E+g) k—\/ﬁ +a—;/§,3?aJ:L—¥,%aJ.
(afiaa) [ ai B aB B afE) 13, 4
L ’ZJL4 2 2 2’2( 2}2'2 ZJ
( a3 3\/_3 a3 _3a+3a+g\:(_ﬂ g\
L 2 4 4 ZJ L 2 ’ZJ
and finally
E(_ﬂ @\_(1( a3} B a, a3 _3(_3_3\+1 g+g\
ST VI S R R i W R A S A
(a3 a3 a3 3a_a,a
“Ta e T2 Tyt 00
Thus all conditions are satisfied and E (X, y) represents the hexagon.
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