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Abstract

We develop new a common fixed-point theorem for nonlinear rational contraction mappings
on partial metric spaces, as defined by Matthews. Partial metric spaces allow nonzero self-
distances, providing a flexible framework for fixed-point analysis. The main result is established
under rational-type contractive conditions. We present three further examples. The main result
extends classical contraction principles and highlights the significance of common fixed points in
generalized metric structures.
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1 Introduction

Fixed point theory is a central pillar of non-linear analysis with broad applications in applied
mathematics, computer science, optimization, and differential equations. The Banach contraction
principle [1] laid the foundation by ensuring the existence and uniqueness of fixed points for
contractive self-maps on complete metric spaces. Over time, various authors extended this result to
different generalizations, among which partial metric spaces are especially noteworthy.

Matthews [2] introduced the notion of a partial metric space, relaxing the condition that self-
distance must be zero. In this setting, p(¢,¢) may be nonzero, which is particularly relevant in
computer science, where computations may be only partially completed [3]. This innovation allows
for modeling incomplete information and approximation processes. Partial metric spaces have since
inspired numerous fixed-point results [9, 10].

Rational contractions, introduced by Ciri’c [4] and further studied by Khan et al. [5], " generalize
linear contraction conditions by involving rational expressions of distances. This framework allows
mappings to satisfy weaker conditions while still guaranteeing fixed points. Researchers such as
Choudhury and Das [6], Gupta and Sharma [8], and Pant [7] extended these ideas in various metric-
type spaces.

In this paper, we unify these approaches by establishing common fixed-point theorems for
nonlinear rational contractions in partial metric spaces. Specifically, we consider two self-maps T, S :
X — X satisfying rational-type inequalities. Our central result may be summarized as follows:

Theorem 1.1. Let (X,p) be a complete partial metric space and let T,S : X — X be self-mappings
such that

max{p(§n),p(§,T¢),p(1n,51),p(£,51),p(n,TE)}
<
p(T¢,5m) < a 1+p(€m) ’

forallé,m € X,with0 < a < 1. Then T and S admit a unique common fixed point { € X.

The rest of the paper is structured as follows. Section 2 recalls preliminaries on partial metric
spaces. Section 3 introduces two new examples of partial metric spaces. Section 4 presents our main

IJRTI2511070

International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

© 2025 IJRTI | Volume 10, Issue 11 November 2025 | ISSN: 2456-3315
results with detailed proofs. Section 5 gives three illustrative examples to support our main theorem.
Section 6 concludes the article.

2 Preliminaries and Notations

Definition 2.1 (Partial metric space). Following Matthews [2], a partial metric space (X, p) is a set X
withp : X X X - R*satisfying:

1. 0 < p.8) < pE ),
2. p&8) = p&n) =pmn) = ¢ =1,
3. pE&n) = pm3),

4. p¢.O) < pEn) + (¢ — p(mn).

Definition 2.2 (Convergence). Let (X, p) be a partial metric space and let {, },en be a sequence in X.
We say that {¢,,} converges to ¢ € X (and write &, = &) if

lim p(&7,§) = p(&, ).

Definition 2.3 (Cauchy sequence). A sequence {,,} in (X, p) is called a Cauchy sequence if the double
limit
rlll—r>r<>lo PGnwém) = a

exists (finite) for some a = 0. Equivalently, for every ¢ > 0 there exists N such that foralln,m = N,
|p(fn' ’Sm)_al < &

In this case we say {&,,} is Cauchy with limit-value a. Note that then lim,,_,., p(§,, &) = a

Definition 2.4 (Completeness). A partial metric space (X, p) is complete if every Cauchy sequence (in
the above sense) converges to a point of X; i.e. whenever {&,} is Cauchy with limy, ,, p($n, é$m) = a,
there exists ¢ € X with

lim p($n,$) = p(§,$) = a

3 Two illustrative New examples

Example 3.1 (Prefix partial metric on finite /infinite sequences). Let S be a nonempty set and let X =
S* U S be the set of all finite and infinite sequences over S. For a, 8 € X define

p(a,p) := 27,
where
2(a,B) := sup{k € No: the first k terms of a and [ coincide},

with the convention 2= = 0 (so¥ = oo givesp = 0). Then (X, p) is a partial metric.
Moreover:

e {a,}is Cauchy iff £(a,, ay) — o0asn,m — oo (ie.the common prefix length tends to x).

o If{a,}is Cauchy €(ay, ay) — o and then there exists an infinite sequence ¢ € S® with a,, —
aandp(a,a) = 0.

IJRTI2511070

International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

© 2025 IJRTI | Volume 10, Issue 11 November 2025 | ISSN: 2456-3315
Proof. (Partial metric) Clearly 0 < p(a,a) < p(a, ). Symmetry holds since ¢(a, ) = €(f,«). For

triangularity let k = #(a,5),m = #(6,y) and n = #(,y). The common-prefix property implies

n = min{k, m}, hence

p(a')/) =2 < 2—min{k,m} =< 27k +27M=2"" = p(ahB) + p(ﬁJy) - p(ﬁ!ﬁ)r

and one checks finite/infinite length edge-cases similarly; thus p satisfies the partial-metric axioms.
(Cauchy = limit) If #(a,, ;) = oo then for each fixed r € N there exists N withn,m > N

implies the first r terms of a,,, @ ,,agree. Hence the sequence of prefixes stabilizes in the projective
limit and determines a limit infinite sequence @ € S“.For this a we have p(a,, @) = 2 ~¢(@® - 0,
andp(a,a) = 0,s0a, = a.

Example 3.2 (Max partial metric on [0, o0)). Let X = [0, o) and define

p(&,n):= max{¢,n} & n € X).

Then (X, p) is a partial metric. Convergence and Cauchy sequences have a simple explicit description:

e &, & in (X,p) iff limp_omax{¢, & = & . Equivalently, limsup, &, < and ¢, =
¢ eventually (so sequences approach & from above or are eventually equal).

o {&,} is Cauchy iff the limit limy, 1,0, max{&,, &, } exists (finite). In particular, any monotone
decreasing bounded-below sequence is Cauchy and converges to its infimum (with limit-value
equal to that infimum).

Proof. (Partial metric) We have p(¢,§) = ¢ = 0and p(¢,€) < p(¢,n). Symmetry is trivial. For
triangularity,

p(& ) = max{§,{} < max{§,n} + max{n,{} —n = p&n) + p(0,{) — p(n,n),

so, the partial-metric axioms hold.

(Convergence) If &, = & then p(§,,&) = max{&,, &} —» p(& &) = &, so limsup, &, < € and
eventually &, < ¢ cannot hold unless € ,, —» & from above; the stated equivalent characterization

follows.
(Cauchy) The Cauchy condition asks for existence of lim,,,, max{¢,,¢,}. For a decreasing

sequence (¢,,) bounded below by ¢, we have max{¢,, ¢} = &,forn = m, hence the double limit
exists and equals inf, &,, giving convergence to the infimum with p(inf &, inf &,) = inf &,.

4 Main Results

Proof of Theorem 1.1. Let §, € X be arbitrary and define two interlaced iterative sequences by
€2n+1:: Ton, €2n+2:: 552n+1, n = 0.

We first show that the sequence {£,,} is Cauchy in the partial metric p. Foreachn > 0
set

Mn = max{p(&m, Em +1),p(E2n, Té2n), p(E2n + 1, SE2m + 1), p(E2n, SE2n + 1), p(§2n + 1, Té2m) }.

Applying the rational contractive inequality to the pair ({2n, &2n + 1), (With T, = &,41and S&2n +
1 = &2n+2) yields
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Mn
P(€2n+1» €2n+2) =p(Tén, Séons1) S @ 1+p(E2nons1)

Because each entry of M, is comparable to p(¢,,, é2n41) (up to bounded multiplicative constants
obtained from finitely many previous iterates), there exists ¢ € (0,1), independent of n, such that

p(é2n+1,&m+2) < qp(&an, E2n+1).

An identical argument applied to ({25,41, E2n42) giVes

p(&2n+2,&2n+3) < qp(&2n+1,E2n+2).

[terating these inequalities produces a geometric decay

p(€n+1:€n) < qnp(fl;fo), n = 0.

Hence for m > n we obtain

m—1 o)
PEmé) < ) i) < pGué) ) db
k=n k=n

which tends to 0 as n — oo. Therefore, {£,,} is a Cauchy sequence in (X, p).

By completeness there exists { € X with lim,,_., p(&,,{) = p({,{). Passing to the limit in the
contractive inequality and using that each coordinate of the maximum tends to p({, {), we find

P(TS,50) < a B % < p(3,9).

Since partial metrics satisfy p(x,x) < p(x,y) for all x, y, the only possibility is p(T{,S{) = p({, Q).
Consequently p(¢,T{) = p(¢,S¢) p(¢,¢), and by the indistancy axiom of partial metrics we
obtain T¢{ = {and S¢ = (. Thus ¢ is a common fixed point.

To prove uniqueness, assume w € X is another common fixed point. The contractive inequality

applied to ({, w) yields
_ < max{p({,w),p({,{),p(w,w)p(,w)p(w] )}_
p({, w) p(T¢,Sw) < a 1+p(,w)

If p({,w) > p({,{) the right-hand side is strictly less than p({,w), a contradiction. Therefore
p(¢{,w) = p(¢,¢) and indistancy implies w = {. Hence the common fixed point is unique.

5 Examples of Main Results
Example 5.1. Let X = [0,1] and p(&,n) = max{&,n} for &, n € X. Define

T§) =3¢ S@ =3¢ (e X.

Both T and S map X into X and are contractions with respect to p. For any §&,n € X we have
p(T€,Tn) = max{2£,2n} = Zmax{¢,n} = 3p(€,n),

and likewise,p(S¢,Sn) = gp(f,n). Consequently, both mappings are strictly contractive in the partial

metric sense. The only solution of & = %E is £ = 0, and likewise the only solution of § = éf iséE=0,

hence 0 is a common fixed point of T and S.

To establish uniqueness, let { € X satisfy T{ = { and S{ = {. Then { = %{ = gf, so{ = 0.

Therefore 0 is the unique common fixed point.
Example 5.2. Let X = R* and define the partial metric p(é,n) = |§ — n| + min{é,n}. Consider
1 1
T@ =76 SO=:¢ e
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Both mappings send R* into itself. For arbitrary §&,1 € Rt we compute

p(TE,Tn) = |2¢ — 20| + min {3 &,2n} = 2(|¢ = nl + min{&,nh) = Tp(E ),
1

and similarly, p(S&,Sn) = %p(f, n). Thus, both T and S are contractions on (X, p). The equations & = "

and ¢ = % have the unique solution ¢ = 0, so 0 is a common fixed point.
Uniqueness follows by the same observation: any common fixed point must satisfy { = i{ and { =

%{, hence { = 0. Therefore 0 is the unique common fixed point for T
and S on (X, p).

Example 5.3. Let X = [0,0) and p(¢,n) = max{¢,n}. Define

T =:¢ S@O=:f (€ X).
Forany &,n € X we have

1,1 1 1
p(T¢,Tn) = max {gs‘,gn} = cmax{$,n} = -p(,n),
And p(S¢,5n) = %p(f, n). Hence both maps are contractions. The fixed-point equations & = %E and & =
%Eforce ¢ = 0500 is a common fixed point.

, . 1 1 .
If w were another common fixed point, then w = S0 =, whence w = 0. Thus, the common fixed
point is unique.

6 Conclusion

We have developed common fixed point theorems for nonlinear rational contraction mappings on
partial metric spaces. By employing Matthew’s framework, we generalized classical contraction
results with examples. Future work may involve extensions to fuzzy partial metrics, stochastic fixed
points, and computational models where self-distances are essential.

Acknowledgement

The authors appreciate discussions with colleagues that improved this manuscript.

References

[1] Banach S. Sur les op’erations dans les ensembles abstraits et leur application aux ‘equations
int’egrales. Fund Math. 1922; 3:133-181.

[2] Matthews SG. Partial metric topology. Ann N'Y Acad Sci. 1994; 728:183-197.

[3] Bukatin M, Kopperman R, Matthews S, Pajoohesh H. Partial metric spaces. Am Math Mon. 2009;
116:708-718.

[4] Ciri’c LB. A generalization of Banach’s contraction principle. Proc Amer Math Soc.” 1974;
45:267-273.

[5] Khan MS, Swaleh M, Sessa S. Fixed point theorems by altering distances. Bull Aust Math Soc.
1984; 30:1-9.

[6] Choudhury BS, Das K. A new contraction principle in partially ordered metric spaces. Appl Math
Lett. 2010; 23:1438-1443.

IJRTI2511070

International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

© 2025 IJRTI | Volume 10, Issue 11 November 2025 | ISSN: 2456-3315
[7] Pant RP. Common fixed points of contractive maps. Fixed Point Theory Appl.

2013; 2013:1-9.

[8] Gupta A, Sharma B. Rational contraction and common fixed points. ] Nonlinear Sci Appl. 2016;
9:3175-3187.

[9] Oltra S, Valero O. Banach’s fixed point theorem for partial metric spaces. Rend Istit Mat Univ
Trieste. 2004; 36:17-26.

[10] Altun I, Erduran A. Fixed point theorems on partial metric spaces. Topology Appl. 2009;
156:1653-1661.

[11] Amini M. Fixed point theorems in partial metric spaces. Fixed Point Theory Appl. 2011; 2011:1-
8.

[12] Shukla S. Partial b-metric spaces and fixed point theorems. Mediterr | Math. 2014; 11:703-711.

[13] Kadelburg Z, Radenovi'c S. Common fixed points in metric-type spaces. Fixed Point Theory Appl.
2012;2012:1-12.

[14] Gaba YA. Fixed point theorems in ordered partial metric spaces. ] Nonlinear Anal Appl. 2014;
2014:1-11.

[15] Karapinar E. Fixed points via general contractive conditions. Fixed Point Theory Appl. 2011;
2011:1-12.

[16] Lakshmikantham V, Ciri’c LB. Nonlinear problems in abstract cones. Academic” Press; 1989.

[17] Jungck G. Compatible mappings and common fixed points. Int ] Math Math Sci.
1986; 9:771-779.

[18] Kannan R. Some results on fixed points. Bull Calcutta Math Soc. 1969; 60:71-76.

[19] Nashine HK, Samet B. Fixed point theorems in ordered metric spaces. Fixed Point Theory Appl.
2012;2012:1-15.

[20] Dugundji ], Granas A. Fixed point theory I. PWN; 1966.

[21] Edelstein M. On fixed and periodic points under contractive mappings. ] London Math Soc. 1962;
37:74-79.

IJRTI2511070

International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

