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Abstract—This paper presents new extensions of fixedpoint theorems in Generalized Fuzzy Metric Spaces (GFMS) with explicit
integration of fuzzy logic principles and fuzzy logic controllers (FLCs). Fuzzy logic controllers operate through linguistic rules, fuzzy
membership functions, and inference mechanisms that introduce uncertainty and approximate reasoning. To analyze the stability and
convergence of such controllers, fixed point theory in GFMS provides a powerful mathematical framework. We develop fuzzy contraction
conditions, derive fixed point results, and demonstrate how the output stabilization of an FLC can be interpreted as achieving a fixed
point in a generalized fuzzy metric environment. Applications to control systems, intelligent appliances, and nonlinear fuzzy dynamic
models are discussed.

keywords—Contraction, Non-linear contraction, Fuzzy, Fuzzy Logic, Controllers.

l. INTRODUCTION

Uncertainty and imprecision are inherent in real-world systems such as intelligent appliances, robotics, medical systems, and
industrial processes'. Fuzzy logic, introduced by Zadeh, models this uncertainty using degrees of membership rather than crisp
values?. Fuzzy logic controllers (FLCs) are widely used in washing machines, air conditioners, drones, and chemical plants®.
These controllers rely on fuzzy rules such as:

e If temperature is high THEN fan speed is high*

o Ifdirt level is medium THEN wash time is medium

To analyse the convergence and stability of such fuzzy inference systems®, fixed point theory becomes essential. If a fuzzy
control system stabilizes, the final output can be considered a fuzzy fixed point of the control mapping®.

Thus, integrating FLCs + GFMS + fixed point theory provides a strong mathematical foundation for the design and stability

analysis of intelligent systems’.

I1. PRELIMINARIES
a. Fuzzy sets and membership functions

A fuzzy set A on X is defined as:
ta: X = [0,1]
FICs use triangular, trapezoidal, Gaussian, or bell-shaped membership functions.

b. Fuzzy logic controller (FLC)
An FLC consists of:
Fuzzification (convert crisp inputs into fuzzy values)
Rule base (IF-THEN rules)
Inference engine
Defuzzification (produce final crisp output)

Ao E

The mapping created by an FLC can be represented as an operator:
T:X->X
Analyzing the stability of T uses fixed point theory.
c. Generalized Fuzzy Metric space (GFMS)

A GFMS is (X, M,*), where
e M(x,y,t) measures fuzzy closeness
e xisat-norm
e Triangle inequality uses fuzzy logic And
e Time parameter t corresponds to fuzzy reasoning depth or iteration count

I11. FLC As A Fuzzy OPERATOR IN GFMS
A fuzzy logic controller transforms input error e into control action u:
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u="T(e)
If the system stabilizes, there exists a stable point e*such that
T(e*) =e*
This is a fixed point.
Interpretation:
e The system has reached an equilibrium state
e The fuzzy controller produces a stable output
e No further change occurs — steady-state control
Thus, analysis of FLC performance naturally leads to fixed point theory.

IV. FuzzY GENERALIZED CONTRACTIONS

We define a fuzzy contraction suitable for FLCs:
M(T,, Ty, t) = (M(x,y, at))?,
Where:
o 1 expresses fuzzy weakening of distance
e ¢« controls fuzzy time scaling
e FLC output becomes “closer” than input values

This represents a fuzzy control contraction principle.

V. MAIN THEOREM (WITH FLC INTERPRETATION)

Theorem: FLC-Based Fixed Point Theorem in GFMS
Let (X, M,x) be a complete GFMS and let T: X — X represent a fuzzy logiccontroller. If:

M(T,, Ty, t) = (M(x, y, at))”
for0 <A< 1,a>1,then:
1. T hasaunique fixed point x*.
2. Forany initial error x,,
Thxy — x*
Meaning the FLC stabilizes.
FLC Interpretation
e The controller reduces error at each step.
e  Over time, error approaches 0 (or steady state).
e  Stability = fixed point.

V1. EXAMPLE: FuzzyY LOGIC CONTROLLER FOR WASHING MACHINE

Inputs: dirt level (low/medium/high)
Output: wash time
Suppose the fuzzy metric is:

The FLC operator:

T(x) =0.6x + 2
Represents fuzzy rules adjusting wash time.
Then:
06(—y)| lx=y1\ 0
M(T, Ty, t)=e" ¢ = (e C )
Hence:

e FLC satisfies fuzzy contraction with 1 =0.6
e Therefore, wash time converges to a stable value
e This proves mathematical stability of the fuzzy controller

VII. APPLICATIONS

a. Intelligent Appliances
e Washing machines
e Smart AC controllers
e Refrigerators
Fuzzy rules lead to a stable operating point (fixed point).
b. Robotics and Autonomous Systems
FLC-based navigation becomes stable when controller reaches a fixed point.
¢. Medical Decision Systems
Fuzzy risk scoring converges to a stable decision.
d. Nonlinear Fuzzy Dynamic System
Fuzzy dynamic equations can be solved using fixed point theorems.
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VIIl. CONCLUSION

THIS PAPER ESTABLISHES A NEW CONNECTION BETWEEN:

Fixed point theory

Generalized fuzzy metric spaces
Fuzzy logic

Fuzzy logic controllers (FLCs)

By viewing the FLC as a fuzzy operator in a generalized fuzzy metric space, system stability can be characterized through fixed
point results. This provides a strong mathematical foundation for designing intelligent, robust, and uncertainty-aware control
systems.
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